Chapter 22
The Electric Field I1: Continuous Charge
Distributions

Conceptual Problems

1 . [SSM] Figure 22-37 shows an L-shaped object that has sides which
are equal in length. Positive charge is distributed uniformly along the length of
the object. What is the direction of the electric field along the dashed 45° line?
Explain your answer.

Determine the Concept The resultant field is directed along the dashed line;
pointing away from the intersection of the two sides of the L-shaped object. This
can be seen by dividing each leg of the object into 10 (or more) equal segments
and then drawing the electric field on the dashed line due to the charges on each
pair of segments that are equidistant from the intersection of the legs.

2 . Positive charge is distributed uniformly along the entire length of the x
axis, and negative charge is distributed uniformly along the entire length of the y
axis. The charge per unit length on the two axes is identical, except for the sign.
Determine the direction of the electric field at points on the lines defined by y =x
and y = —x. Explain your answer.

Determine the Concept The electric fields along the lines defined by y =x and

y = —x are the superposition of the electric fields due to the charge distributions
along the axes. The direction of the electric field is the direction of the force
acting on a test charge at the point(s) of interest. Typical points are shown at two
points on each of the two lines.

2089



2090 Chapter 22

3 . True or false:

(a) The electric field due to a hollow uniformly charged thin spherical shell is
zero at all points inside the shell.

(b) In electrostatic equilibrium, the electric field everywhere inside the material
of a conductor must be zero.

(c¢) If the net charge on a conductor is zero, the charge density must be zero at
every point on the surface of the conductor.

(a) True (assuming there are no charges inside the shell).
(b) True. The charges reside on the surface of conductor.

(c) False. Consider a spherical conducting shell. Such a surface will have equal
charges on its inner and outer surfaces but, because their areas differ, so will their
charge densities.

4 . If the electric flux through a closed surface is zero, must the electric
field be zero everywhere on that surface? If not, give a specific example. From the
given information can the net charge inside the surface be determined? If so, what
is it?

Determine the Concept No, this is not necessarily true. The only conclusion that
we can draw is that there is equal positive and negative flux. For example, the net
flux through a Gaussian surface completely enclosing a dipole is zero. If the
electric flux is zero through the closed surface, we can conclude that the net
charge inside the surface is zero.

5 . True or false:

(a) Gauss’s law holds only for symmetric charge distributions.
(b) The result that £ = 0 everywhere inside the material of a conductor under
electrostatic conditions can be derived from Gauss’s law.

(a) False. Gauss’s law states that the net flux through any surface is given

by g, = £ E dA = 4nkQ. While it is true that Gauss’s law is easiest to apply to

nside *

symmetric charge distributions, it holds for any surface.

(b) True. Because the charges on a conductor, under electrostatic conditions,
reside on the surface of the conductor, the net flux inside the conductor is zero.
Hence, by Gauss’s law, the electric field inside the conductor must also be zero.
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6 *e A single point charge ¢ is located at the center of both an imaginary
cube and an imaginary sphere. How does the electric flux through the surface of
the cube compare to that through the surface of the sphere? Explain your answer.

Determine the Concept Because the net flux is proportional to the net charge
enclosed, and this is the same for both surfaces, the electric flux through the
surface of the cube is the same as the electric flux through the surface of the
sphere.

7 e [SSM] An electric dipole is completely inside a closed imaginary
surface and there are no other charges. True or False:

(a) The electric field is zero everywhere on the surface.

(b) The electric field is normal to the surface everywhere on the surface.
(c) The electric flux through the surface is zero.

(d) The electric flux through the surface could be positive or negative.
(e) The electric flux through a portion of the surface might not be zero.

(a) False. Near the positive end of the dipole, the electric field, in accordance with
Coulomb’s law, will be directed outward and will be nonzero. Near the negative
end of the dipole, the electric field, in accordance with Coulomb’s law, will be
directed inward and will be nonzero.

(b) False. The electric field is perpendicular to the Gaussian surface only at the
intersections of the surface with a line defined by the axis of the dipole.

(c) True. Because the net charge enclosed by the Gaussian surface is zero, the net

flux, given by ¢, = §S E dA = 4nkQ, ., through this surface must be zero.

nside *

(d) False. The flux through the closed surface is zero.

(e) True. All Gauss’s law tells us is that, because the net charge inside the surface
is zero, the net flux through the surface must be zero.

8 e Explain why the electric field strength increases linearly with 7, rather
than decreases inversely with 7%, between the center and the surface of a
uniformly charged solid sphere.

Determine the Concept We can show that the charge inside a uniformly charged
solid sphere of radius r is proportional to 7 and that the area of a sphere is
proportional to 7*. Using Gauss’s law, it follows that the electric field must be
proportional to /1 = r.
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Use Gauss’s law to express the E— A7 Qi
electric field inside a spherical A
charge distribution of constant where 4 =4m>.

volume charge density:

Express O, .. as a function of p Ouice = PV =Lmpr’

and r:

Substitute for Q, ... to obtain: £ 4rk imor’  Akmp
= = 14

4 3

This result shows that the electric field increases linearly as you move out from
the center of a spherical charge distribution.

9 e [SSM] Suppose that the total charge on the conducting spherical
shell in Figure 22-38 is zero. The negative point charge at the center has a
magnitude given by Q. What is the direction of the electric field in the following
regions? (a)r<R;, (b) R, >r>R;, (c)and r > R, . Explain your answer.

Determine the Concept We can apply Gauss’s law to determine the electric field
for r < Ry, R, > r> Ry, and r > R,. We also know that the direction of an electric
field at any point is determined by the direction of the electric force acting on a
positively charged object located at that point.

(a) From the application of Gauss’s law we know that the electric field in this
region is not zero. A positively charged object placed in the region for which

r < R; will experience an attractive force from the charge —Q located at the center
of the shell. Hence the direction of the electric field is radially inward.

(b) Because the total charge on the conducting sphere is zero, the charge on its
inner surface must be positive (the positive charges in the conducting sphere are
drawn there by the negative charge at the center of the shell) and the charge on its
outer surface must be negative. Hence the electric field in the region R, > r > R,
is radially outward.

(c) Because the charge on the outer surface of the conducting shell is negative,
the electric field in the region » > R; is radially inward.

10 e» The conducting shell in Figure 22-38 is grounded, and the negative
point charge at the center has a magnitude given by 0. Which of the following
statements is correct?
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(a) The charge on the inner surface of the shell is +Q and the charge on the
outer surface is —Q.

(b) The charge on the inner surface of the shell is +Q and the charge on the
outer surface is zero.

(c) The charge on both surfaces of the shell is +Q.

(d) The charge on both surfaces of the shell is zero.

Determine the Concept We can decide what will happen when the conducting
shell is grounded by thinking about the distribution of charge on the shell before it
is grounded and the effect on this distribution of grounding the shell.

The negative point charge at the center of the conducting shell induces a positive
charge on the inner surface of the shell and a negative charge on the outer surface.
Grounding the shell attracts positive charge from ground; resulting in the outer
surface becoming electrically neutral. is correct.

11 e The conducting shell in Figure 22-38 is grounded, and the negative
point charge at the center has a magnitude given by Q. What is the direction of the
electric field in the following regions? (a) r<R;, (b) R, >r>R;,(c)and r > R,.
Explain your answers.

Determine the Concept We can apply Gauss’s law to determine the electric field
for r < Ry, R, > r> Ry, and r > R,. We also know that the direction of an electric
field at any point is determined by the direction of the electric force acting on a
positively charged object located at that point.

(a) From the application of Gauss’s law we know that the electric field in this
region is not zero. A positively charged object placed in the region for which

r < R; will experience an attractive force from the charge —Q located at the center
of the shell. Hence the direction of the electric field is radially inward.

(b) Because the conducting shell is grounded, its inner surface is positively
charged and its outer surface will have zero net charge. Hence the electric field in
the region R, > r > R is radially outward.

(c) Because the conducting shell is grounded, the net charge on the outer surface
of the conducting shell is zero, and the electric field in the region » > R, is zero.

Estimation and Approximation

12 e« In the chapter, the expression for the electric field due to a uniformly
charged disk (on its axis), was derived. At any location on the axis, the field
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2

-1
magnitude is |E | = anall - (1 + R—zj ] . At large distances (|Z| >> R), it was
z

shown that this equation approaches £ = kQ/ z* . Very near the disk (|z| <<R),
the field strength is approximately that of an infinite plane of charge or
|E | ~ 27ko . Suppose you have a disk of radius 2.5 cm that has a uniform surface

charge density of 3.6 £C/m”. Use both the exact and appropriate expression from
those given above to find the electric-field strength on the axis at distances of

(a) 0.010 cm, (b) 0.040 cm, and (c¢) 5.0 m. Compare the two values in each case
and comment on the how well the approximations work in their region of validity.

Picture the Problem For z << R, we can model the disk as an infinite plane. For
z>> R, we can approximate the ring charge by a point charge.

(a) Evaluate the exact expression for z = 0.010 cm:

], 0 = 27(8.988x10° N-m?/C?)(3.6 C/m* ) 1- 1
' | (2.5cm)’
(0.010 cm)’
=2.025x10° N/C =| 2.0x10° N/C
For z << R, the electric field strength |E | = 2mko
near an infinite plane of charge is
given by:

Evaluate the approximate expression for z=0.010 cm:

E

=27(8.988x10° N-m*/C?)(3.6 4C/m? )= 2.033x10° N/C

appro:

=[2.0x10° N/C

The approximate value agrees to within 0.40% with the exact value and is larger
than the exact value.
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(b) Evaluate the exact expression for z = 0.040 cm:

=27(3.988x10° N-m?/C?)(3.6 4C/m* | 1-

E

z=0.040cm

=2.001x10°N/C=| 2.0x10° N/C

The approximate value agrees to within 1.2% with the exact value and is smaller
than the exact value.

(c) Evaluate the exact expression for z = 5.0 m:

£, =27(8.988x10° N-m*/C?)3.6 uC/m? | 1-——1
' (2.5cm)’
o>
(5.0m)
=2.541 N/C=| 2.5 N/C
Because z >> R, we can use |E( ] B k_Q B km’o
Coulomb’s law for the electric field g g2

due to a point charge to obtain:

Evaluate |E (5.0 m] :

_ #(8.988x10° N~m2/C2)(22'Scm)2 Boscim’)_, s41nic
approx (501’11)

=1 2.5N/C

|E(5.0m)

The approximate value agrees, to four significant figures, with the exact value.
Calculating E From Coulomb’s Law

13 e« [SSM] A uniform line charge that has a linear charge density / equal
to 3.5 nC/m is on the x axis between x = 0 and x = 5.0 m. (a) What is its total
charge? Find the electric field on the x axis at (b) x = 6.0 m, (¢) x =9.0 m, and
(d) x=250m.
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(e) Estimate the electric field at x = 250 m, using the approximation that the
charge is a point charge on the x axis at x = 2.5 m, and compare your result with
the result calculated in Part (d). (To do this you will need to assume that the
values given in this problem statement are valid to more than two significant
figures.) Is your approximate result greater or smaller than the exact result?
Explain your answer.

Picture the Problem We can use the definition of A to find the total charge of the
line of charge and the expression for the electric field on the axis of a finite line of
charge to evaluate E at the given locations along the x axis. In Part (d) we can
apply Coulomb’s law for the electric field due to a point charge to approximate the
electric field at x =250 m.

(@) Use the definition of linear charge 0=AL=(3.5nC/m)(5.0m)=17.5nC

density to express Q in terms of A: ~[18nC
Express the electric field on the axis kO

> e , E (x)=—"
of a finite line charge: x,(x, — L)

(b) Substitute numerical values and evaluate E, at x = 6.0 m:

£ (60m)= (8.988x10'N-m*/C*)(17.5nC) _
T (6.0m)(6.0m-5.0m)
(c) Substitute numerical values and evaluate E; at x = 9.0 m:
9 2 2
Ex(9.0m):(8'988><10 N-m*/C*)17.5nC) _ e

(9.0m)(9.0m—5.0m)

(d) Substitute numerical values and evaluate E, at x =250 m:

(8.988x10°N-m*/C?)(17.5nC)

=2.56800mN/C=| 2.6mN/C
(250m)(250m —5.0m)

E (250m)=

(e) Use Coulomb’s law for the
electric field due to a point charge to * X
obtain:
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Substitute numerical values and evaluate £,(250 m):

(8.988x10°N-m*/C?)(17.5nC)

E.(250m)=
(250m) (250m-2.5m)’

=2.56774mN/C=| 2.6 mN/C

This result is about 0.01% less than the exact value obtained in (d). This suggests
that the line of charge is too long for its field at a distance of 250 m to be modeled
exactly as that due to a point charge.

14 - Two infinite non-conducting sheets of charge are parallel to each
other, with sheet A in the x =—2.0 m plane and sheet B in the x =+2.0 m plane.
Find the electric field in the region x <—-2.0 m, in the region x > +2.0 m, and
between the sheets for the following situations. (a) When each sheet has a
uniform surface charge density equal to +3.0 £C/m? and (b) when sheet A has a
uniform surface charge density equal to +3.0 £C/m? and sheet B has a uniform
surface charge density equal to —3.0 £C/m”. (c) Sketch the electric field-line
pattern for each case.

Picture the Problem Let the charge

densities on the two plates be oy and o / /
and denote the three regions of interest

as 1, 2, and 3. Choose a coordinate

system in which the positive x direction 0,

is to the rightt We can apply the

equation for E near an infinite plane of | / ) / 5
charge and the superposition of fields
to find the field in each of the three
regions.

O

(a) Use the equation for E near an E =E, + E o

1nﬁn1j[e plar.1e of charge to express the _ ko, D ko, ;
field in region 1 when R
o1 = 0y = +3.0 uClm*: =—4rkoi

Substitute numerical values and evaluate El :

E, =—47(3.988x10° N-m*/C?)(3.0 £C/m* )i =| —(3.4x10° N/C)i
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Proceed as above for region 2: E,=E_ +E_ =27ko,i -2ko,i
=2rkoi —2nkoi

[0

Proceed as above for region 3:

E,=E, +E, =2ko\i +21ko,i =4nkoi

2
- 47{8.988 x10° Ncrzn j(3.0 1C/m? )i
=| 3.4x10°N/C)i
(b) Use the equation for E near an E =E ot E o = 2k i —27ko,i

infinite plane of charge to express and
evaluate the field in region 1 when oy

=+3.0 4C/m” and oy =-3.0 xC/m*: =@

— ki - 2mkoi

Proceed as above for region 2:

E,=E, +E, =2ko\i +27ko,i = 4nko i

2
47r[8.988><109 Ncrzn ](3.0 C/m? )i

=| (3.4x10°N/C)i

Proceed as above for region 3: E,=E_+E_ =2rko,i-27ko,i
= 27koi - 27koi

20

(¢) The electric field lines for (a) and (b) are shown below:

(a) (b)

+o +a o, g

—_— o
E
—_—
—_—
E—
—_—
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15 - A charge of 2.75 uC is uniformly distributed on a ring of radius 8.5
cm. Find the electric field strength on the axis at distances of (a) 1.2 cm, (b) 3.6
cm, and (c) 4.0 m from the center of the ring. (d) Find the field strength at 4.0 m
using the approximation that the ring is a point charge at the origin, and compare
your results for Parts (c¢) and (d). Is your approximate result a good one? Explain
your answer.

Picture the Problem The magnitude of the electric field on the axis of a ring of
charge is given by E (z) = ka/ (22 +a’ )3/2 where Q is the charge on the ring and
a is the radius of the ring. We can use this relationship to find the electric field on
the axis of the ring at the given distances from the ring.

Express E on the axis of a ring E ( z) kQx
charge: * ( 2 2)3/ ?
: z"+a

(a) Substitute numerical values and evaluate E, for z = 1.2 cm:

=|4.7x10° N/C

£ (12m) - 8988310 N-m*/C*)2.75 4C) (1. 26m)
o (1.2em) +(8.5em)] "

(b) Proceed as in (a) with z = 3.6 cm:

E.(3.60m)= (8.988x10° N-m?/C?)(2.75 4C)(3.6 cm)
o [(3.6cm)2+(8.56m)2]3/2

=|1.1x10° N/C

(c) Proceed as in (a) with z=4.0 m:

_ (8.988x10° N-m?/C?)(2.75 uC)(4.0m)

E_(4.0m)= =[1.5x10°N/C
) (4.0my +(8.5cm)] "

(d) Using Coulomb’s law for the E.(2) kQ
electric field due to a point charge, : z
express E.:

Substitute numerical values and evaluate E, at z=4.0 m:

8.988x10° N-m?/C?)(2.75 1C)

EZ(4.0m):( o) =| 1.5x10° N/C
Um
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While this result agrees exactly, to two significant figures, with the result
obtained in Part (¢), it should be slightly larger because the point charge is nearer
x =4.0 m than is the ring of charge.

16 - A non-conducting disk of radius R lies in the z = 0 plane with its center
at the origin. The disk has a uniform surface charge density o. Find the value of z
for which E. = o/ (4 & ) Note that at this distance, the magnitude of the electric-

field strength is half the electric-field strength at points on the x axis that are very
close to the disk.

Picture the Problem The electric field on the axis of a disk charge is given by

E = 27qu(1 —Lj . We can equate this expression and £, =10/ (2¢&,) and
NzZ'+R?
solve for z.
Express the electric field on the axis X
. ) E =2rkq| | -————
of a disk charge: z [ R?
We’re given that: o
& Ez:%o-/(zéo):_
€
Equate these expressions:
q P % kol 1t
4¢e, 2>+ R?
Substituting for £ yields: o 1 X
—=2r ol l1-
4e, 4r €, Nz' +R?
Solve for z to obtain: R
z=|—

17 « [SSM] A ring that has radius a lies in the z = 0 plane with its center
at the origin. The ring is uniformly charged and has a total charge Q. Find E. on
the z axis at (a) z=0.2a, (b) z=0.5a, (c¢) z=0.7a, (d) z = a, and (e) z = 2a. (f) Use
your results to plot E versus z for both positive and negative values of z. (Assume
that these distances are exact.)
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Picture the Problem We can use E. =27#kq

Gl

field at the given distances from the center of the charged ring.

(a) Evaluate E.(0.2a):

(b) Evaluate E.(0.5q):

(c) Evaluate E£.(0.7a):

(d) Evaluate E.(a):

(e) Evaluate E.(2a):

E.(0.2a)

E.(0.5a)

E.(0.74)=

Ez(a):[

a

k0(0.2a)

to find the electric

) [(0.2(1)2 +a’ ]3/2

01892
a

k0(0.5a)

) [(O.Sa)2 + a2]3/2

0.358%¢
a

k0(0.7a)

[(0.7a)2 + a2]3/2

0385
a

2

kQa kO
—+a2]3/2 = 0.354=%

a

—| 0.179%2

2101
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(f) The field along the x axis is plotted below. The z coordinates are in units of z/a
and E is in units of kQ/a’.

0.4
0.2 4 \
& 00
-0.2 1
-0.4 .
3 2 1 0 1 2 3
z/a

18 - A non-conducting disk of radius « lies in the z = 0 plane with its center
at the origin. The disk is uniformly charged and has a total charge Q. Find E, on
the z axis at (a) z=0.2a, (b) z=0.5a, (c¢) z=0.7a, (d) z = a, and (e) z = 2a. (f) Use
your results to plot £ versus z for both positive and negative values of z. (Assume
that these distances are exact.)

z

of the disk, to find the electric field on the axis of a charged disk.

Picture the Problem We canuse E, = 2ﬂkq[l - ] , where a is the radius

The electric field on the axis of a z
charged disk of radius a is given by: E, =27Q 1- m

Sl
2g, 2 +a’

(a) Evaluate E.(0.2a):
E(0.24)=-2|1-— %24
2¢, (0.2a) +a?
= 0.4022

€y
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(b) Evaluate E.(0.5q):

(c) Evaluate E.(0.7a):

(d) Evaluate E(a):

(e) Evaluate E.(2a):

E.(0.50)=-2|1- 03¢
o 2g, (0.5a) +a’

= 0.2762

€o

E(0.7a)=-2-|1-— %4
o 2, (0.7a)’ +a

= 0.213g

The field along the x axis is plotted below. The x coordinates are in units of z/a

and E is in units of Q/e,.

2.0

16

1.2 -

0.8 -

0.4 -

0.0

TN

-3

2103
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19 e (a) Using a spreadsheet program or graphing calculator, make a graph
of the electric field strength on the axis of a disk that has a radius @ = 30.0 cm and
a surface charge density o= 0.500 nC/m?. (b) Compare your results to the results
based on the approximation £ = 27ko (the formula for the electric-field strength
of a uniformly charged infinite sheet). At what distance does the solution based on
approximation differ from the exact solution by 10.0 percent?

Picture the Problem The electric field on the x axis of a disk of radius 7 carrying
£
NzP +a’
field due to an infinite sheet of charge density o is independent of the distance
from the plane and is given by E, . =27ko .

a surface charge density ois given by E_ = 27zko{1 - j . The electric

sheet

(a) A spreadsheet program to graph E, as a function of x is shown below. The
formulas used to calculate the quantities in the columns are as follows:

Cell Content/Formula Algebraic Form
B3 9.00E+09 k

B4 5.00E-10 o

B5 0.3 r

A8 0 X0

A9 0.01 xo + 0.01

B8 | 2*PI()*$B$3*$BS4*(1-A8/ - (1 z ]
A ANANA Ol |l ——F——
(A8"2+$B$5"2)"2)10.5) v

C8 2*PI()*$B$3*$B$4 27k

A B C

1

2

3 k= | 9.00E+09 | N-m?*/C>

4 o= | 5.00E-10 | C/m?

5 a= | 0.300 m

6

7 z E(Z) Eheet

8 0.00 28.27 28.3

9 0.01 27.33 28.3

10 0.02 26.39 28.3

11 0.03 25.46 28.3

12 0.04 24.54 28.3

13 0.05 23.63 28.3

14 0.06 22.73 28.3

15 0.07 21.85 28.3

73 0.65 2.60 28.3
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74 0.66 2.53 28.3
75 0.67 247 28.3
76 0.68 241 28.3
71 0.69 2.34 28.3
78 0.70 2.29 28.3

(b) The following graph shows E as a function of z. The electric field from an
infinite sheet with the same charge density is shown for comparison. The
magnitudes differ by more than 10.0 percent for x > 0.0300 m.

30

20 E

\ = = =F sheet
15 —
10 \

5 \

0

E, N/C

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

z,m

20 e (a) Show that the electric-field strength £ on the axis of a ring charge

of radius @ has maximum values at z = +a/ v/2 . (b) Sketch the field strength £
versus z for both positive and negative values of z. (¢) Determine the maximum
value of E .

Picture the Problem The electric field on the axis of a ring charge as a function
of distance z along the axis from the center of the ring is given by

kQ

z= +a/ V2and z= —a/ V2 by setting its first derivative equal to zero and solving

. We can show that it has its maximum and minimum values at

the resulting equation for z. The graph of E. will confirm that the maximum and
minimum occur at these coordinates.

(a) The variation of E, with z on the E - kQz
axis of a ring charge is given by: : (22 g )3/2



2106 Chapter 22

Differentiate this expression with respect to z to obtain:

d
9By _pod| _—x —kQ(Zzwz)m_Z2(22”’2)3/2
d T d (22 +az)3/2 B (22 +c12)3
k0 (Zz +612)3/2 (—2(3)(2;34-612)1/2(22) o (Zz +a2)3(/2 _322(;2 +a2)1/2
P +a’ 2 +a’

Set this expression equal to zero for (22 14> )3/ ’ 3 22(22 42 )1/2

extrema and simplify: (z 2 )3 =0,
(22 Jraz)S/2 —322(22 +a2)1/2 =0,
and

z2+a*-3z2=0

Solving for z yields: a
z=|*t—
V2

as our candidates for maxima or

minima.

(b) A plot of the magnitude of E., in units of kQ/a’, versus z/a follows. This graph
shows that the extrema at z ==+ a/ JE are, in fact, maxima.

0.4

E(z/a)0.2 1

N\

0.1

0.0
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(c) Evaluate Ez(i Jand simplify to obtain the maximum value of the

s

magnitude of E.:

kol + - @

E :E(Jrij: Q(+\/5j _ kQ\/E _ 23 kO

z,max z —\/E (( ; jz 2J3/2 (%a2+a2)3/2 9 az
+a

2

Remarks: Note that our result in Part (c¢) confirms the maxima obtained
graphically in Part (b).

21 e A line charge that has a uniform linear charge density A lies along the
x axis from x = x; to x = x; where x; < x;. Show that the x component of the

electric field at a point on the y-axis is given by E_= @(cos 0, — cos 91) where
y
O =tan"' (x1/y), & =tan' (x2/y) and y # 0.

Picture the Problem The line charge and point (0, y) are shown in the diagram.
Also shown is a line element of length dx and the field dE its charge produces at

(0, »). We can find dE, from dE and then integrate from x = x; to x = x».
¥

—e

dE

\(U,},r)
N
[} ~ H‘\
7!
.)\

" ~
~ ~ ~
N ~ v
x, dx X,
Express the f dE : L.
p x component of d dE, = ————sin Gdx
X" +y
kA X
=72 2 2 2 dx
X +y \/x +y
_ kA dx
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Integrate from x = x; to x, and
simplify to obtain:

From the diagram we see that: v

and
cosd, = — 2 o 6, = tan™ (ﬁj

VX +y?

E = —@[—COSHZ +cos€1]
y

Substitute to obtain:

_| ¥ [cos @, —cos 6]

22 e+ Aring of radius a has a charge distribution on it that varies as

AU 6) = Ay sin 6, as shown in Figure 22-39. (a) What is the direction of the electric
field at the center of the ring? (b) What is the magnitude of the field at the center
of the ring?

Picture the Problem The following diagram shows a segment of the ring of
length ds that has a charge dg = Ads. We can express the electric field dE at the
center of the ring due to the charge dqg and then integrate this expression from

0= 0 to 2 to find the magnitude of the field in the center of the ring.
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dE

(a) and (b) The field dE at the center
of the ring due to the charge dq is:

The magnitude dFE of the field at the
center of the ring is:

Because dg = Ads:

The linear charge density varies with
B according to A(6) = A sin 6:

Substitute rd @ for ds:

Substitute for dE in equation (1)
to obtain:

B
dE =dE, +dE,
=—dEcosé’f—dEsin6’f
P
r
JE — klgls
r
JE - kA, 51r210ds
r
JE — kA, s1n26’ rd0 _ kA, sin6do
r r
dEz_kﬂo schost@i
r
kA, sin’ Gdé’}
r

Integrate dE from =0 to 27 and simplify to obtain:

2 2z
E = _kA, J.sin20d6?t¢—k—/l° Isinz 0d¢9}' =0-"
2r ros r

kA, +

ﬂ'k/lo “
J
r

(b) The field at the origin is in the negative y direction and its magnitude is

kA,

r

2109

(1)
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23 e+« A line of charge that has uniform linear charge density A lies on the x
axis from x = 0 to x = a. Show that the y component of the electric field at a point

kA a
onthe y axisis given by £, = ———, y #0.
oy \/y2+a2

Picture the Problem The line of y
charge and the point whose coordinates
are (0, y) are shown in the diagram. 4
. : ©.7)
Also shown is a segment of the line of
length dx and charge dg. The field due >
to this charge at (0, y) is dE. We can
find dE, from dE and then integrate
from x = 0 to x = a to find the y
component of the electric field at a o ‘dq‘ 1 .
point on the y axis. dx a
(a) Express the magnitude of the JE - kda
field dE due to charge dg of the r
element of length dx: where 7 = x* +
Because dq = Adx : JE = lzda’x2
X +y
Express the y component of dE: dE, = zk/i cos O dx
X +y
Refer to the diagram to express cosd = y
cos@in terms of x and y: x> + 3
Substitute for cos@in the JE - kAy
expression for dE, to obtain: g (xz + y2)3/ :
Integrate from x = 0 to x = @ and simplify to obtain:
kA a

E, =kl j 4a’x kﬂy!;} =
2 2 2
yix+y

) Ly et
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2111

Calculate the electric field a distance z from a uniformly charged

infinite flat non-conducting sheet by modeling the sheet as a continuum of infinite

straight lines of charge.

Picture the Problem The field due to a

line of charge is given by
E(r)= L 4 where r is the
2re, r

perpendicular distance to the line. The
diagram shows a point P, at which we
will calculate the electric field due a
continuum of infinite straight non-
conducting lines of charge, and a few of
the lines of charge. P is a distance L
from the plane and the origin of the
coordinate system is directly below P.
Note that the horizontal components of
the field at P, by symmetry, add up to
zero. Hence we need only find the sum
of all the z components of the field.

Because the horizontal components
of the electric field add up to zero,

the resultant field is given by:

Express the field due to an infinite
line of charge:

The surface charge density o of the
plane and the linear charge density
of the charged rings A are related:

Substitute for dA to obtain:

Substituting for dE(r) in equation (1)
yields:

Referring to the diagram, note that:

7/2
E=E = IdE(r)cosH (1)
—7/2
dE(r)= 1 ﬁ,whereris the
2re, ¥

perpendicular distance to the line of
charge.

dl=ody
Ci[;(l’) _ 1 (J'Cty
2re, 1
/2
E= ! Gdycos@

2mey 5, T

y=xtan @ =dy = xsec’ 0d0
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Substitute for dy in the expression for
Eto obtain:

Because x =rcos@:

Integrating this expression yields:

25 oo

o 2 xsec’ @cosfdo

E=
2r €y ;) r
/2
E = Jseczﬁcoszedﬁ
2r €, a2
/2
-2 (a6
2r €, 7”/2
o o
E= [ao= 7=
2 &y 3, 2r €,

o

2 €,

[SSM] Calculate the electric field a distance z from a uniformly

charged infinite flat non-conducting sheet by modeling the sheet as a continuum

of infinite circular rings of charge.

Picture the Problem The field at a
point on the axis of a uniformly
charged ring lies along the axis and is
given by Equation 22-8. The diagram
shows one ring of the continuum of
circular rings of charge. The radius of
the ring is a and the distance from its
center to the field point P is x. The ring
has a uniformly distributed charge Q.
The resultant electric field at P is the
sum of the fields due to the continuum
of circular rings. Note that, by
symmetry, the horizontal components
of the electric field cancel.

Express the field of a single
uniformly charged ring with charge
0 and radius a on the axis of the ring
at a distance x away from the plane
of the ring:

Substitute dg for Q and dE, for E, to
obtain:

0
ad

X P 4E
777777 P

~ 5 kQx
E=F i, wherc E =L3
X X 2 2 /2

(x* +a)

kxd
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The resultant electric field at P is the
sum of the fields due to all the circular
rings. Integrate both sides to calculate
the resultant field for the entire plane.
The field point remains fixed, so x is

kxd d
E:J(xz +aZ)z/z :kxj (x2 +Zz)3/2

constant:
To evaluate this integral we change dq =2rocada
integration variables from ¢ to a. SO
The charge dg = o d4 where 2 2roada
dA=2radais the area of a ring of E= kxo (xz + a2)3/z
radius a and width da: "
ada
=27 o kx I 7
0 (xz + Clz)

To integrate this expression, du=1 1 (2a da)= a4
letu =+/x* +a’ . Then: x*+a’ u

or

ada = udu

Noting that when a =0, u = x,

B ooi B [e¢] .
substitute and simplify to obtain: E=2r0 kxj ul du=2ro kxj udu

0

Evaluating the integral yields:
=2nko =| —

E= 2720'/0{— lj
2¢,

u

X

26 e A thin hemispherical shell of radius R has a uniform surface charge o.
Find the electric field at the center of the base of the hemispherical shell.

Picture the Problem Consider the ring
with its axis along the z direction
shown in the diagram. Its radius is

z = rcos@ and its width is rd6. We can
use the equation for the field on the
axis of a ring charge and then integrate
to express the field at the center of the
hemispherical shell.
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Express the field on the axis of JE = kzdq
the ring charge: (r2 sin’ @+ r° cos” 0)3/2
_ kzdq

3
%

where z = rcos 8

Express the charge dg on the ring: dq = odA = 0'(2727 sin G)rd 0
=27or’ sin 6d 6
Substitute to obtain: JE - k(rcos @)2wor” sin 846
7"3
= 27ko sin @ cos 6d 0

7/2

Integrating dE from 6= 0 to 7/2 .
E =2rko Ism@cosé’d&’

yields:

= 27koltsin? 0|7 =[ zko

Gauss’s Law

27 A square that has 10-cm-long edges is centered on the x axis in a
region where there exists a uniform electric field given by E = (2.00 kN/C)i . ]

(a) What is the electric flux of this electric field through the surface of a square if
the normal to the surface is in the +x direction? () What is the electric flux
through the same square surface if the normal to the surface makes a 60° angle
with the y axis and an angle of 90° with the z axis?

Picture the Problem The definition of electric flux is¢ = §SE -ndA . We can

apply this definition to find the electric flux through the square in its two
orientations.

(a) Apply the definition of ¢ to ¢ = § (2.00kN/C)i -id4
find the flux of the field when the

square is parallel to the yz plane:

U}

= (2.00kN/C)dA

=(2.00kN/C)(0.100m)’
=| 20.0N-m*/C
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(b) Proceed as in (a) with ¢ = £(2,00 kN/C)cos 30°dA4

i -h=co0s30°:
= (2.00kN/C)cos 30°§dA

=(2.00kN/C)(0.100m)’ cos 30°
=|17N-m*/C

28 o A single point charge (¢ = +2.00 xC) is fixed at the origin. An
imaginary spherical surface of radius 3.00 m is centered on the x axis at

x =5.00 m. (a) Sketch electric-field lines for this charge (in two dimensions)
assuming twelve equally-spaced field lines in the xy plane leave the charge
location, with one of the lines in the +x direction. Do any lines enter the spherical
surface? If so, how many? (b) Do any lines leave the spherical surface? If so, how
many? (c) Counting the lines that enter as negative and the ones that leave as
positive, what is the net number of field lines that penetrate the spherical surface?
(d) What is the net electric flux through this spherical surface?

Determine the Concept We must show the twelve electric field lines originating
at g and, in the absence of other charges, radially symmetric with respect to the
location of g. While we’re drawing twelve lines in this problem, the number of
lines that we draw is always, by agreement, in proportion to the magnitude of g.

(a) The sketch of the field lines and of
the spherical surface is shown in the

diagram to the right. \

Given the number of field lines drawn from ¢, 3 lines enter the spherical surface.
Had we chosen to draw 24 field lines, 6 would have entered the spherical surface.

(b) Three lines leave the spherical surface.

(c) Because the three lines that enter the spherical surface also leave the spherical
surface, the net number of field lines that pass through the surface is zero.

(d) Because as many field lines leave the spherical surface as enter it, the net flux
1s zero.
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29 «  [SSM] An electric field is given by E =sign(x)-(300 N/C)i , where
sign(x) equals —1 if x <0, 0 if x =0, and +1 if x > 0. A cylinder of length 20 cm
and radius 4.0 cm has its center at the origin and its axis along the x axis such that
one end is at x = +10 cm and the other is at x =—10 cm. (a) What is the electric
flux through each end? (b) What is the electric flux through the curved surface of
the cylinder? (c) What is the electric flux through the entire closed surface?

(d) What is the net charge inside the cylinder?

Picture the Problem The field at both circular faces of the cylinder is parallel to
the outward vector normal to the surface, so the flux is just E4. There is no flux
through the curved surface because the normal to that surface is perpendicular
to E. The net flux through the closed surface is related to the net charge inside by

Gauss’s law.
y,cm

A
]
..--'/
]

A A
|

EI

[an]

\J \

AL N ST
—4

(a) Use Gauss’s law to calculate Brioni = Eri oht ‘R, A
the flux through the right circular B 22 2
surface: =(300N/C)i -i(7)(0.040m)

=|1.5N-m’/C
Apply Gauss’s law to the left b= E,; A
circular surface: — (-300N/C)i - (_ f)(ﬂ)(0.040 m)

=|1.5N-m*/C

(b) Because the field lines are Brvred = @

parallel to the curved surface of
the cylinder:
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(c) Express and evaluate the net Pt = Drignt T Biest + Peurvea
flux through the entire cylindrical —15N-m>C+15N-m%C+0
surface:
=|3.0N-m?*/C
A ’ in: net

(d) Apply Gauss’s law to obtain b =4O, =0 = Pt

47k
Substitute numerical values and o - 3.0N-m?/C
evaluate O, . : ™ 472(8.988x10° N-m?/C? )

=|2.7x10™"'C

30 Careful measurement of the electric field at the surface of a black box

indicates that the net outward electric flux through the surface of the box is
6.0 kN-m*/C. (a) What is the net charge inside the box? (b) If the net outward
electric flux through the surface of the box were zero, could you conclude that
there were no charges inside the box? Explain your answer.

Picture the Problem We can use Gauss’s law in terms of & to find the net
charge inside the box.
a) Apply Gauss’s law in terms of & 0, cige
( ) pp y . : .0 ¢net = —d:> Qinside :EO ¢net
to find the net charge inside the box: €,

Substitute numerical values and evaluate Q. ... :

nside

2 2
Oinsige =(8.854x10_12 NC 2}[6.0 kNCm j: 53x10°C
-m

(h) You can only conclude that the net charge is zero. There may be an equal
number of positive and negative charges present inside the box.

31 - A point charge (¢ = +2.00 xC) is at the center of an imaginary sphere
that has a radius equal to 0.500 m. (@) Find the surface area of the sphere. (b) Find
the magnitude of the electric field at all points on the surface of the sphere.

(c) What is the flux of the electric field through the surface of the sphere?

(d) Would your answer to Part (c) change if the point charge were moved so that
it was inside the sphere but not at its center? (¢) What is the flux of the electric
field through the surface of an imaginary cube that has 1.00-m-long edges and
encloses the sphere?
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Picture the Problem We can apply Gauss’s law to find the flux of the electric
field through the surface of the sphere.

(a) Use the formula for the surface A=4rr’ = 4;;(0.5()0 m)2 =3.142m?
area of a sphere to obtain: _[314m’
(b) Apply Coulomb’s law to find E:

E=—1 4 : 2004C 7 190x10* N/C

T4ze, r” 4z(3.854x10"°C*/N-m”)(0.500m)
=[7.19x10° N/IC

(c) Apply Gauss’s law to obtain: é §§S E -hdA = £ EdA
(7.190x10* N/C)(3.142m?)

2.26x10° N-m?/C

(d) No. The flux through the surface is independent of where the charge is located
inside the sphere.

(e) Because the cube encloses the Gop. =| 2.26x10° N-m?/C
sphere, the flux through the surface
of the sphere will also be the flux
through the cube:

32 What is the electric flux through one side of a cube that has a single
point charge of —3.00 4C placed at its center? HINT: You do not need to integrate
any equations to get the answer.

Picture the Problem The flux through the cube is given by ¢, = O, uu./€0 »

where Qinside 18 the charge at the center of the cube. The flux through one side of
the cube is one-sixth of the total flux through the cube.

The flux through one side of the 4 =l = 0
cube is one-sixth of the total flux tee 6T 6 e
through the cube:
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Substitute numerical values and 4. = —-3.00 uC
evaluate : Hace = 2
P 6 8.854x10" S
N-m
2
~| -5.65x10* "

33 e [SSM] A single point charge is placed at the center of an imaginary
cube that has 20-cm-long edges. The electric flux out of one of the cube’s sides is
—1.50 kN-m*/C. How much charge is at the center?

Picture the Problem The net flux through the cube is given by @, = O,e./€o »

where O, .. 1s the charge at the center of the cube.

nside

The flux through one side of the _ Qinsiae

¢ =1
1faces 6 7'net
6

cube is one-sixth of the total flux €,
through the cube:
SOIVing for Qinside YieldS: Qinside = 6 E0 ¢2 faces

Substitute numerical values and evaluate Q, . :

nside

2 2
Qinside = 6£8854 X 10_12 NC 2 j[_ 1 50 chzrn j = - 797 HC
‘m

34 e Because the formulas for Newton’s law of gravity and for Coulomb’s
law have the same inverse-square dependence on distance, a formula analogous to
the formula for Gauss’s law can be found for gravity. The gravitational field g at

a location is the force per unit mass on a test mass m placed at that location.
Then, for a point mass m at the origin, the gravitational field g at some position
(r)is g= (Gm/ r )17 . Compute the flux of the gravitational field through a
spherical surface of radius R centered at the origin, and verify that the
gravitational analog of Gauss’s law is ¢ . =—-4xGm,_,. .
Picture the Problem We’ll define the flux of the gravitational field in a manner
that is analogous to the definition of the flux of the electric field and then
substitute for the gravitational field and evaluate the integral over the closed
spherical surface.

Define the gravitational flux as: 4, = § g -ndA
S
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Substitute for g and evaluate the Gm. .
1 g . ¢net =§ - ml;‘S‘de ﬁ ﬁdA
integral to obtain: s r
Gminside
=-—pit §aa
Gminsi e 2
= —r—zdj(‘W )
=~ 472G minside

35 e Animaginary right circular cone (Figure 22-40) that has a base angle ¢

and a base radius R is in a charge free region that has a uniform electric field E
(field lines are vertical and parallel to the cone’s axis). What is the ratio of the
number of field lines per unit area penetrating the base to the number of field lines
per unit area penetrating the conical surface of the cone? Use Gauss's law in your
answer. (The field lines in the figure are only a representative sample.)

Picture the Problem Because the cone
encloses no charge, we know, from
Gauss’s law, that the net flux of the
electric field through the cone’s surface
1s zero. Thus, the number of field lines
penetrating the curved surface of the
cone must equal the number of field
lines penetrating the base and the
entering flux must equal the exiting
flux.

The flux penetrating the base of the Peniering = EApyse
cone is given by:

The flux penetrating the curved Priting = § E -hdA = §E cos@dA
surface of the cone is given by: > >

Equating the fluxes and simplifying A, =cos 0§ dA = (cos 0) A,
yields : S surface
The ratio of the density of field lines A, _[cosd

1S: A

curved
surface

36 e Inthe atmosphere and at an altitude of 250 m, you measure the
electric field to be 150 N/C directed downward and you measure the electric field
to be 170 N/C directed downward at an altitude of 400 m. Calculate the volume
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charge density of the atmosphere in the region between altitudes of 250 m and
400 m, assuming it to be uniform. (You may neglect the curvature of Earth.
Why?)

Picture the Problem We’ll model this portion of Earth’s atmosphere as though it
is a cylinder with cross-sectional area 4 and height /4. Because the electric flux
increases with altitude, we can conclude that there is charge inside the cylindrical
region and use Gauss’s law to find that charge and hence the charge density of the
atmosphere in this region.

The definition of volume charge Y

o P=7
density is: V
Express the charge inside a cylinder Q= pAh
of base area A4 and height / for a
charge density p:
Taking upward to be the positive QO=-E,A-E,A)e,=(E,A-E,A)e,
direction, apply Gauss’s law to the where we’ve taken our zero at 250 m
charge in the cylinder: above the surface of a flat Earth.
Substitute to obtain: o= (EOA —E,,A) € _ (Eo —Eh)éo

Ah h

Substitute numerical values and evaluate p:

_ (I50N/C~170N/C)(8.854x10"> C/N-m’
P 400m—250m

where we’ve been able to neglect the curvature of Earth because the maximum
height of 400 m is approximately 0.006% of the radius of Earth.

= -12x10"C/m’

Gauss’s Law Applications in Spherical Symmetry Situations

37 . A thin non-conducting spherical shell of radius R; has a total
charge ¢, that is uniformly distributed on its surface. A second, larger thin non-
conducting spherical shell of radius R, that is coaxial with the first has a charge ¢»
that is uniformly distributed on its surface. (a) Use Gauss’s law to obtain
expressions for the electric field in each of the three regions:

r<Ri, R <r<R,, and r > R,. (b) What should the ratio of the charges ¢,/¢, and
the relative signs for ¢, and ¢, be for the electric field to be zero throughout the
region r > R,? (¢) Sketch the electric field lines for the situation in Part (b) when
q1 1s positive.
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Picture the Problem To find E, in these three regions we can choose Gaussian
surfaces of appropriate radii and apply Gauss’s law. On each of these surfaces, E,
is constant and Gauss’s law relates E, to the total charge inside the surface.

Use Gauss’s law to find th 1
(a) sF aus§ s law o‘ ind the ff’ Edi=—0. .
electric field in the region » < R;: S €,
and
E . =Mﬁ where F is a unit radial
1 EO
vector.
Because Qinside = 0: E <R ZE
Apply Gauss’s law in the region E . q . | kq, .
R, <r<Ry: Rt g (am? iy
Using Gauss’s law, find the - q+q . | kg +q).
electric field in the region r > Ry: R e, (4 e )r B 2
(b) Set E,., = 0to obtain: g +q, = Y
q,
(¢) The electric field lines for the
situation in (b) with g; positive is
shown to the right.
38 A spherical shell of radius 6.00 cm carries a uniform surface charge

density of A non-conducting thin spherical shell of radius 6.00 cm has a uniform
surface charge density of 9.00 nC/m”. (¢) What is the total charge on the shell?
Find the electric field at the following distances from the sphere’s center:

() 2.00 cm, (c) 5.90 cm, (d) 6.10 cm, and (e) 10.0 cm.

Picture the Problem We can use the definition of surface charge density and the
formula for the area of a sphere to find the total charge on the shell. Because the
charge is distributed uniformly over a spherical shell, we can choose a spherical
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Gaussian surface and apply Gauss’s law to find the electric field as a function of
the distance from the center of the spherical shell.

(a) Using the definition of surface O=0A=4nor’
charge density, relate the charge on
the sphere to its area:

Substitute numerical values and 0= 4;;(9.()0 nC/m?> )(0,0600 m)’
evaluate O: ~0.4072nC =[ 0.407nC

Apply Gauss’s law to a spherical
surface of radius r that is
concentric the spherical shell to

Qinside

€y

§ EndA :LQinsidej 4'71-}/‘2E'n =
S EO

obtain:

Solving for E, yields: E = Oinsice 1 _ kQusiae
" dre,r’ r?

(b) The charge inside a sphere E (2.00cm)= @

whose radius is 2.00 cm is zero and

hence:

(c) The charge inside a sphere E, (5_90 cm) = @

whose radius is 5.90 cm is zero

and hence:

(d) The charge inside a sphere whose radius is 6.10 cm is 0.4072 nC and
hence:

(8.988x10° N-m?/C?)(0.4072nC)

= 983N/C
(0.0610m)’

E, (6.10cm)=

(e) The charge inside a sphere whose radius is 10.0 cm is 0.4072 nC and hence:

(8.988x10° N-m?/C? )(0.4072nC)

=[ 366 N/C
(0.100m)’

E,(10cm)=

39 e [SSM] A non-conducting sphere of radius 6.00 cm has a uniform
volume charge density of 450 nC/m’. (a) What is the total charge on the sphere?
Find the electric field at the following distances from the sphere’s center:

(b) 2.00 cm, (¢) 5.90 cm, (d) 6.10 cm, and (e) 10.0 cm.
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Picture the Problem We can use the definition of volume charge density and the
formula for the volume of a sphere to find the total charge of the sphere. Because
the charge is distributed uniformly throughout the sphere, we can choose a
spherical Gaussian surface and apply Gauss’s law to find the electric field as a

function of the distance from the center of the sphere.

(a) Using the definition of volume
charge density, relate the charge on
the sphere to its volume:

Substitute numerical values and
evaluate O:

Apply Gauss’s law to a spherical
surface of radius » < R that is
concentric with the spherical
shell to obtain:

Solving for E, yields:

Because the charge distribution is
uniform, we can find the charge
inside the Gaussian surface by
using the definition of volume
charge density to establish the
proportion:

Solve for Q, . to obtain:

nside

Substitute for Q. ... to obtain:

inside

(b) Evaluate E, at » =2.00 cm:

E (2.00cm)=

~ (8.988x10° N-m*/C?)(0.4072nC)

O=pV =4mpr’

0 = 4 2(450nC/m* )(0.0600m
=0.4072nC = 0.407nC

§ EndA = LQinside = 4z 7"2En = _Qinside
> €o €

Qinsi e 1 innsi e
En = de _— = —2 d

2

dr e, r r
2 — Qinside
Vv V'

where V' is the volume of the Gaussian
surface.

4 r
Qinside - Q V - QR3
En(l" < R): Qinside L _k_Q},.

dre, 1’ R

(0.0200m)=| 339N/C

(0.0600m)’
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(c) Evaluate E, at r = 5.90 cm:

_ (8.988x10° N-m*/C?)(0.4072nC)

E, (5.90cm)= (0.0600m) (0.0590m)=| 1.00kN/C
. m
Apply Gauss’s law to the Gaussian 4rr’E = Oinsice —~F = kQngiae _ kQ
surface with > R: ", R r
(d) Evaluate E, at = 6.10 cm:
8.988x10° N-m*/C?*)(0.4072nC

E,(6.10cm)= ( o 0610m)2( ) 983N/C

(e) Evaluate E, at » = 10.0 cm:
9 2 2
£ (10.0em)= (8.988x10° N-m*/C*)(0.4072nC) _ -

(0.100m)’

40 e» Consider the solid conducting sphere and the concentric conducting
spherical shell in Figure 22-41. The spherical shell has a charge —7Q. The solid
sphere has a charge +20. (a) How much charge is on the outer surface and how
much charge is on the inner surface of the spherical shell? (b) Suppose a metal
wire is now connected between the solid sphere and the shell. After electrostatic
equilibrium is re-established, how much charge is on the solid sphere and on each
surface of the spherical shell? Does the electric field at the surface of the solid
sphere change when the wire is connected? If so, in what way? (c) Suppose we
return to the conditions in Part (@), with +2Q on the solid sphere and —7Q on the
spherical shell. We next connect the solid sphere to ground with a metal wire, and
then disconnect it. Then how much total charge is on the solid sphere and on each
surface of the spherical shell?

Determine the Concept The charges on a conducting sphere, in response to the
repulsive Coulomb forces each experiences, will separate until electrostatic
equilibrium conditions exit. The use of a wire to connect the two spheres or to
ground the outer sphere will cause additional redistribution of charge.

(a) Because the outer sphere is conducting, the field in the thin shell must vanish.
Therefore, —2Q, uniformly distributed, resides on the inner surface, and —50,
uniformly distributed, resides on the outer surface.
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(b) Now there is no charge on the inner surface and —50 on the outer surface of
the spherical shell. The electric field just outside the surface of the inner sphere
changes from a finite value to zero.

(c) In this case, the =50 is drained off, leaving no charge on the outer surface and
—20 on the inner surface. The total charge on the outer sphere is then —2Q.

41 e A non-conducting solid sphere of radius 10.0 cm has a uniform
volume charge density. The magnitude of the electric field at 20.0 cm from the
sphere’s center is 1.88 x 10° N/C. (a) What is the sphere’s volume charge
density? (b) Find the magnitude of the electric field at a distance of 5.00 cm from
the sphere’s center.

Picture the Problem (a) We can use the definition of volume charge density, in
conjunction with Equation 22-18a, to find the sphere’s volume charge density.

(b) We can use Equation 22-18b, in conjunction with our result from Part (a), to
find the electric field at a distance of 5.00 cm from the solid sphere’s center.

(a) The solid sphere’s volume charge p= Oinside _ Onside (1)
density is the ratio of its charge to its V 4R’

volume:

For » > R, Equation 22-18a gives E = 1 Oice )
the electric field at a distance r " odre, 1’

from the center of the sphere:

Solving for Q, . yields: Qi =41 e, Ei’

Substitute for @, ... in equation 4re,Er? 3e,Er’

(1) and simplify to obtain: £ 7R’ R

Substitute numerical values and evaluate p:

3(8.854x107" C*/N-m?)(1.88x10° N/C)(20.0 cm )’

- =1.997 4C/m*
(10.0cm)’ He
=|2.00 uC/m3
(b) For r <R, the electric field at a E - 1 Oiide . 3)
distance r from the center of the Yy, €, R*

sphere is given by:
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Express Qi forr <R: Qinside = IOVspherewhose 3 Tr p

radiusis 7

nside

4

Substituting for Q, . in equation (3) z - 1 4zrp P

and simplifying yields: " 4re, R® 3¢, R

Substitute numerical values and evaluate £,(5.00 cm):

3 4
£ (5.00cm)= (1.997 1C/m* )(5.00 cm) _TroNe

3(8.854x1072 C*/N-m? )(10.0 cm )’

42 e A non-conducting solid sphere of radius R has a volume charge
density that is proportional to the distance from the center. That is, p= Ar for

r <R, where 4 is a constant. (@) Find the total charge on the sphere. (b) Find the
expressions for the electric field inside the sphere (» < R) and outside the sphere
(r>R). (c) Sketch the magnitude of the electric field as a function of the distance
r from the sphere’s center.

Picture the Problem We can find the total charge on the sphere by expressing the
charge dg in a spherical shell and integrating this expression between » = 0 and

r = R. By symmetry, the electric fields must be radial. To find E; inside the
charged sphere we choose a spherical Gaussian surface of radius » < R. To find E;
outside the charged sphere we choose a spherical Gaussian surface of radius » > R.
On each of these surfaces, E; is constant. Gauss’s law then relates E. to the total
charge inside the surface.

(a) Express the charge dq in a shell dq =4nr’pdr = 4z v’ (Ar)dr
of thickness dr and volume 47z” dr: — ddiidr

Integrate this expression from
r =0 to R to find the total charge
on the sphere:

R

0= 4MTr3dr =[mar*]; =] 4R
0

(b) Apply Gal,.lss slawtoa §pher1cal {) Edd= 1 O =4xr’E = Onsige
surface of radius » > R that is s & &
concentric with the nonconducting

sphere to obtain:
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Solving for E; yields: E, (r S R) _ Oinside Lz _ Qn;slde
dr e, r r
_kAmR* | AR'
r? de,r’

Apply Gauss S law to a sph§rlcal § E.dd = 1 0. . = 4rr’E = Oinsie
surface of radius » < R that is s & €,
concentric with the
nonconducting sphere to obtain:
Solve for E; to obtain: zAr'

Qinsi e
Er(r <R): 4 de B 4’ €
0 0

Ar?
4e,

(c) The following graph of E, versus #/R, with E, in units of 4/(4 ), was plotted
using a spreadsheet program.

1.0
0.8
06 |
<
0.4 / \\
0.2
\
\
0.0 ‘ ‘ ‘
00 05 10 15 20 25 30
/R

Remarks: Note that the results for (a) and (b) agree at r = R.

43 e [SSM] A sphere of radius R has volume charge density p = B/r for

r <R ,where B is a constant and p= 0 for » > R. (a) Find the total charge on the
sphere. (b) Find the expressions for the electric field inside and outside the charge
distribution (c) Sketch the magnitude of the electric field as a function of the
distance r from the sphere’s center.

Picture the Problem We can find the total charge on the sphere by expressing the
charge dq in a spherical shell and integrating this expression between » = 0 and
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r = R. By symmetry, the electric fields must be radial. To find E; inside the
charged sphere we choose a spherical Gaussian surface of radius » < R. To find E;
outside the charged sphere we choose a spherical Gaussian surface of radius » > R.
On each of these surfaces, E; is constant. Gauss’s law then relates E. to the total

charge inside the surface.

(a) Express the charge dg in a shell
of thickness dr and volume 477 dr:

Integrate this expression from
r =0 to R to find the total charge
on the sphere:

(b) Apply Gauss’s law to a spherical
surface of radius » > R that is
concentric with the nonconducting
sphere to obtain:

Solving for E; yields:

Apply Gauss’s law to a spherical
surface of radius » < R that is
concentric with the nonconducting
sphere to obtain:

Solving for E; yields:

dg = 4rx v’ pdr = 47zr2£dr
r

= 47Brdr

Q== 47sz|‘i rdr = [27ZBVZ]OR
0

=| 227BR*?
§ E.dd = LQinside or 4z 1r’E, = Oisise
S c -
0 0
Er (7,. > R) — Qmslde iz — Qll;su‘ie
dr e, r r
_ k27BR* B BR?
r’ 2€, r?
§ ErdA = LQins,ide = 477«- 7"2Er = _Qinside
S € A

E (V < R)_ Qinside _ 27Z'B7’2
' drnr’e, 4nr’e,

B

2 €,
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(c) The following graph of E, versus 7/R, with E, in units of B/(2 &), was plotted
using a spreadsheet program.

12

1.0

0.8

B N
02 \

0.0 0.5 1.0 15 2.0 25 3.0
r/R

0.0

Remarks: Note that our results for («) and (b) agree at r = R.

44 e Asphere of radius R has volume charge density p= C/s* for r <R,
where C is a constant and p= 0 for » > R. (a) Find the total charge on the sphere.
(b) Find the expressions for the electric field inside and outside the charge
distribution (c¢) Sketch the magnitude of the electric field as a function of the
distance r from the sphere’s center.

Picture the Problem We can find the total charge on the sphere by expressing the
charge dq in a spherical shell and integrating this expression between » = 0 and

r = R. By symmetry, the electric fields must be radial. To find E; inside the
charged sphere we choose a spherical Gaussian surface of radius » < R. To find E;
outside the charged sphere we choose a spherical Gaussian surface of radius » > R.
On each of these surfaces, E; is constant. Gauss’s law then relates E. to the total
charge inside the surface.

(a) Express the charge dg in a s?ell dq = 4z pdr = 4z 7 %dr — 4nCdr
of thickness dr and volume 47~ dr:

Integrate this expression from
r =0 to R to find the total charge
on the sphere:

R
Q:47zcjdr=[4;zcr]§ =| 42CR
0
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(b) APply Gauss’s law t'o a § Edd= 1 0. .= 4rr’E, = Oinside
spherical surface of radius » > R 8 & &
that is concentric with the

nonconducting sphere to obtain:

Solving for E; yields: E (r S R) _ Osice. 1 _ kO e
' dre, r’ r’
_ k4nCR | CR
r? & 7’
Apply Gauss’s law to a spherical § Edd = 1 O. . or 47r°E, = Oinside
surface of radius r < R that is st g, e e,
concentric with the
nonconducting sphere to obtain:
Solving for E, yields: E(r<R)= Oinsiae __47Cr
! dm’ e, 4m’ e,
| C
€T

(c) The following graph of E, versus 7/R, with E, in units of C/ (EO R) , was

plotted using a spreadsheet program.

10

0.0 0.5 1.0 15 2.0 25 3.0
/R

45 eee A non-conducting spherical shell of inner radius R, and outer radius R,
has a uniform volume charge density p. (@) Find the total charge on the shell.
(b) Find expressions for the electric field everywhere.
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Picture the Problem By symmetry, the electric fields resulting from this charge
distribution must be radial. To find E; for » < R; we choose a spherical Gaussian
surface of radius » < Ry. To find E; for R; <r < R, we choose a spherical Gaussian
surface of radius R; <r < R,. To find E; for » > R, we choose a spherical Gaussian
surface of radius » > R,. On each of these surfaces, E; is constant. Gauss’s law
then relates E; to the total charge inside the surface.

(a) The charge in an infinitesimal dQ = pdV = 4mpr’dr
spherical shell of radius » and
thickness dr is:

Integrate dQ from r = R, to r to find 5 arcr® |’
the total charge in the spherical shell Oinsiae = 47p I ridr= 3
in the interval R <r < Ry: &
4rp
|5 o)

R

) 1 »
(b) Apply Gauss’s law .to a § EdA=—0Q. ., = 471rE = Onsice
spherical surface of radius r that s € €
is concentric with the

nonconducting spherical shell to

obtain:
Solving for E; yields: E(r)= Onsige 1 _ kOingiae
' dr e, 1’ P
Evaluate Er(l" < Rl): Qinsidc 1 innsidc
E (r<R )= —= =
r( l) 472' EO I"2 r2 @
because p(r < R;) = 0 and, therefore,
Qinside = O
Evaluate E(R; <r<R»): KO, side
valu ( 1 r 2) Er(R1<r<R2):%
47kp
=37 (R -R)
1% 3 3
= RS —R
e, r? ( : ! )
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For r> Ry: Oicide = m(RS - R13)
and
ET(V>R2)=43i£0(R; _R13)
r
13 Efrz (R; —Rf)

Remarks: Note that E is continuous at » = Ry.
Gauss’s Law Applications in Cylindrical Symmetry Situations

46 - For your senior project you are in charge of designing a Geiger tube
for detecting radiation in the nuclear physics laboratory. This instrument will
consist of a long metal cylindrical tube that has a long straight metal wire running
down its central axis. The diameter of the wire is to be 0.500 mm and the inside
diameter of the tube will be 4.00 cm. The tube is to be filled with a dilute gas in
which electrical discharge (breakdown) occurs when the electric field reaches
5.50 x 10° N/C. Determine the maximum linear charge density on the wire if
breakdown of the gas is not to happen. Assume that the tube and the wire are
infinitely long.

Picture the Problem The electric field of a line charge of infinite length is given

L 4 , where 7 is the distance from the center of the line of charge and

by E. =
Y 2re, r

A is the linear charge density of the wire.

The electric field of a line charge of 1 A
e L ) E = z
infinite length is given by: " 2me, r
Because E, varies inversely with 7, 1 A
its maximum value occurs at the max &, R

surface of the wire where r = R, the
radius of the wire:

Solving for A yields: A=2re, RE_,,

Substitute numerical values and evaluate A:

2
A=2n 8.854x10-”C—2 (0.250 mm)(s.50><1o6 Ej: 76.5 nC/m
N-m C
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47  ees In Problem 54, suppose ionizing radiation produces an ion and an
electron at a distance of 2.00 cm from the long axis of the central wire of the
Geiger tube. Suppose that the central wire is positively charged and has a linear
charge density equal to 76.5 pC/m. (a) In this case, what will be the electron’s
speed as it impacts the wire? (b) Qualitatively, how will the electron’s speed
compare to that of the ion’s final speed when it impacts the outside cylinder?
Explain your reasoning.

Picture the Problem Because the inward force on the electron increases as its
distance from the wire decreases, we’ll need to integrate the net electric force
acting on the electron to obtain an expression for its speed as a function of its
distance from the wire in the Geiger tube.

(a) The force the electron experiences F, . =¢E,
is the radial component of the force on ’

the electron and is the product of its

charge and the radial component of

the electric field due to the positively

charged central wire:

The radial electric field due to the E - 1 A
charged wire is given by: " orn &, o
Substituting for £ yields:
s rY F, =- 4 11 where the minus
’ 2re, )1

sign indicates that the force acting on
the electron is radially inward.

Apply Newton’s 2™ law to the ed 1 dv dv dr
L — —_—=m—=m ———-
electron to obtain: 2re, )r dt dt dr
dv dr dv
= m——-=my—
dr dt dr
Separating variables yields: el \dr
vdy = — —
2mme, ) r

to obtain: _[
0

Express the integral of this equation v ed  \:dr
vdv = — j— where the
r

i

2mm €,

lower limit on the left-hand side is zero
because the electron is initially at rest.

Integrating yields: el 7
1,2 — Inl 2=
Ve =
2mm €, n
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Solve for vr to obtain: el 7
m €, r,

Substitute numerical values and evaluate v¢:

(1.602x107™" C)(76.5 I’CJ
m

Ve =

0.0200 m —0.0025 mj

n(

2 0.250 mm

7[(9.109>< 107" kg) 8.854x107" Ci
N-m?

=[1.46x10° m/s

(b) The positive ion is accelerated radially outward and will impact the tube
instead of the wire. Because of its much larger mass, the impact speed of the ion
will be much less than the impact speed of the electron.

48 oo Show that the electric field due to an infinitely long, uniformly
charged thin cylindrical shell of radius a having a surface charge density ois
given by the following expressions: £ =0 for 0SR <a and E, = Ja/ (60 R) for

R>a.

Picture the Problem From symmetry, the field in the tangential direction must
vanish. We can construct a Gaussian surface in the shape of a cylinder of radius r
and length L and apply Gauss’s law to find the electric field as a function of the
distance from the centerline of the infinitely long, uniformly charged cylindrical
shell.

Apply Gauss’s law to the cylindrical §S E dA = LQ}.“si "

surface of radius 7 and length L that <
is concentric with the infinitely long, or
uniformly charged cylindrical shell: -
y g y 27ZT’LER — Qms1dc
€0

where we’ve neglected the end areas
because no there is no flux through
them.

Solve for ER . E = Qinside — 2innside
BoomL &, Lr

For 7 < R, Qinsize = 0 and: E (r<R)= @
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For > R, QOinsige = AL and: E, (I’ S R)= 2kAL _ 2kA _ 2/((27Z'RO')
Lr r r
| Ro
Ey T

49 e A thin cylindrical shell of length 200 m and radius 6.00 cm has a
uniform surface charge density of 9.00 nC/m”. (a) What is the total charge on the
shell? Find the electric field at the following radial distances from the long axis of
the cylinder. (b) 2.00 cm, (¢) 5.90 cm, (d) 6.10 cm, and (e) 10.0 cm. (Use the
results of Problem 48.)

Picture the Problem We can use the definition of surface charge density to find
the total charge on the shell. From symmetry, the electric field in the tangential
direction must vanish. We can construct a Gaussian surface in the shape of a
cylinder of radius » and length L and apply Gauss’s law to find the electric field as
a function of the distance from the centerline of the uniformly charged cylindrical
shell.

(@) Using its definition, relate the QO=o04=2RLo
surface charge density to the total
charge on the shell:

Substitute numerical values and 0 = 27(0.0600m)(200m)(9.00nC/m?)
evaluate Q: —679nC

(b) From Problem 48 we have, E(2.00 cm) = @

for r=2.00 cm:

(¢) From Problem 48 we have, E(5.90 cm) = @

for =5.90 cm:

(d) From Problem 48 we have, for » = 6.10 cm:

E(r)= OR
Ey T
and
2
(0.00nC/m’ J0.0600m) | o

E(6.10cm)=
(6-10cm) (8.854x107 C*/N-m?)(0.0610m)
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(e) From Problem 48 we have, for » = 10.0 cm:

£(10.0cm) = (9.00nC/m*)(0.0600m) o
T (8.854x107 C2/N-m?)(0.100m)

50 e+ An infinitely long non-conducting solid cylinder of radius a has a
uniform volume charge density of py. Show that the electric field is given by the
following expressions: E, = pOR/(2 60) for 0SR<a and E, = poaz/(2 & R)

for R > a, where R is the distance from the long axis of the cylinder.

Picture the Problem From symmetry, the field tangent to the surface of the
cylinder must vanish. We can construct a Gaussian surface in the shape of a
cylinder of radius » and length L and apply Gauss’s law to find the electric field as
a function of the distance from the centerline of the infinitely long nonconducting
cylinder.

Apply Gauss’s law to a cylindrical § Edd - 1 0
surface of radius r and length L that s " g, e
is concentric with the infinitely long or

nonconducting cylinder: »
g y 27Z7’LER — ans1dc
€
where we’ve neglected the end areas
because there is no flux through them.

Solving for £, yields: E = Ohnside _ 2kQ, i
2wl &, Lr
Express Q4. for r <R: Ousae = L)V = p, (727 ZL)
Substitute to obtain: E,(r<R)= Zk(ﬂpOer ) A,
Lr 2 €,
or, because A = p7R’,
A
E,\r<R)=| ——r
Wl <R)=| — s

Express Q, . forr>R: Oiide = p(r)V =0, (7Z'R2L)
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Substitute for @, ... to obtain: Zk(frp LRz) poR’?
E.(r>R)= 0 =| =2
Lr 2e,71

or, because A = pzR’
A

2reyr

E,(r>R)=

51 e [SSM] A solid cylinder of length 200 m and radius 6.00 cm has a
uniform volume charge density of 300 nC/m’. (¢) What is the total charge of the
cylinder? Use the formulas given in Problem 50 to calculate the electric field at a
point equidistant from the ends at the following radial distances from the
cylindrical axis: (b) 2.00 cm, (¢) 5.90 cm, (d) 6.10 cm, and (e) 10.0 cm.

Picture the Problem We can use the definition of volume charge density to find
the total charge on the cylinder. From symmetry, the electric field tangent to the
surface of the cylinder must vanish. We can construct a Gaussian surface in the
shape of a cylinder of radius » and length L and apply Gauss’s law to find the
electric field as a function of the distance from the centerline of the uniformly
charged cylinder.

(a) Use the definition of volume O =pV = p(ﬂRzL)
charge density to express the
total charge of the cylinder:

Substitute numerical values to Qo = 7;(3()() nC/m? )(0.0600 m)2 (ZOOm)
obtain: _[679nC
(b) From Problem 50, for » <R, E(r) __P
we have: 2€,
For r=2.00 cm:
3
E(2.000m)= (300nC/m’)(0.0200m) _ SNC

2(8.854x10" C*/N-m?)

(c¢) For r=5.90 cm:

(300nC/m® )(0.0590m)

=[ 1.00kN/C
2(8.854x10" C*/N-m?)

E(5.90cm)=
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From Problem 50, for » > R, we have: ()= PR’

2 E, 7

(d) For r=6.10 cm:

3 2
E(6.10cm)= (300 nSz/mz)(0.06?0 m) —[1.00kN/C
2(8.854x10™ C*/N-m?)(0.0610m)

(e) For r=10.0 cm:

3 2
£(10.0¢m) = (300nC/m’ )0.0600m)" o

2(8.854x10™ C*/N-m? )(0.100m)

52 e« Consider two infinitely long, coaxial thin cylindrical shells. The inner
shell has a radius @; and has a uniform surface charge density of o, and the outer
shell has a radius a; and has a uniform surface charge density of o». (a) Use
Gauss’s law to find expressions for the electric field in the three regions:
0<R<a, g <R<a,,and R > a,, where R is the distance from the axis.

(b) What is the ratio of the surface charge densities 0»/07 and their relative signs
if the electric field is to be zero everywhere outside the largest cylinder? (c¢) For
the case in Part (b), what would be the electric field between the shells?

(d) Sketch the electric field lines for the situation in Part () if oy is positive.

Picture the Problem From symmetry; the field tangent to the surfaces of the
shells must vanish. We can construct a Gaussian surface in the shape of a cylinder
of radius » and length L and apply Gauss’s law to find the electric field as a
function of the distance from the centerline of the infinitely long, uniformly
charged cylindrical shells.

(a) .Apply Gauss’s law toithe § E.dd = 1 0. =2mlE, - Oingide
cylindrical surface of radius » and S € &,
length L that is concentric with the where we’ve neglected the end areas
infinitely long, uniformly charged because there is no flux through them.
cylindrical shell:
Solving for £, yields: 2kQ;iae

g for E, yields E, = 2KQumi 1)

Lr

FOI'V<R1, Qinsidezoa’nd: ER(T"<R1)= O
Express Q. 4 for Ri <r<Rj: Oisice =014, =270\ R, L
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Substitute in equation (1) to obtain:

Express Q for r> Ry:

inside

Substitute in equation (1) to obtain:

(b) Set E =0 for r > R, to obtain:

(c) Because the electric field is
determined by the charge inside the
Gaussian surface, the field under
these conditions would be as given
above:

(d) Because o is positive, the field
lines are directed as shown to the
right:

oR +0,R,

Eq(R, <r<R2)=@

oR,

E 7

Oisige = 014, + 0,4,
=2no\R L +2rmo,R,L

2k(270,R,L +270,R,L)
Lr
oR, +0,R,

ER(V>R2):

€y r

€t o, R,

0, Rl

Ey T

E (R <r<R,)=

S
e8e

53 e Figure 22-42 shows a portion of an infinitely long, concentric cable in
cross section. The inner conductor has a charge of 6.00 nC/m and the outer
conductor has no net charge. (@) Find the electric field for all values of R, where R
is the perpendicular distance from the common axis of the cylindrical system.

(b) What are the surface charge densities on the inside and the outside surfaces of

the outer conductor?

Picture the Problem The electric field is directed radially outward. We can
construct a Gaussian surface in the shape of a cylinder of radius » and length L
and apply Gauss’s law to find the electric field as a function of the distance from
the centerline of the infinitely long, uniformly charged cylindrical shell.



The Electric Field II: Continuous Charge Distributions 2141

(a) Apply Gauss’s law to a § E dA = LQ o wlE. = Oinside
cylindrical surface of radius  and s ° g, e =N
length L that is concentric with the where we’ve neglected the end areas
inner conductor: because there is no flux through them.
Solving for E, yields: E. - 2kQngiae (1)
. Lr

For r<1.50 cm, Qinside =0 and: ER (l" < 150cm)= E
Letting R = 1.50 cm, express Oiside = AL =270RL
O.siqe for 1.50 cm <7 <4.50 cm:
Substitute in equation (1) to obtain: E,(1.50cm < r < 4.50cm)= 2k(AL)

Lr

_ 2kA
r

Substitute numerical values and evaluate £,(1.50 cm <7 <4.50 cm):

E,(1.50cm < 7 < 4.50cm)= 2(3.988x10° N-m*/C> )(6'OOHC/m)= (108N - m/C)

r r

EXpI'eSS Qinside fOI' Qinside = 0
4.50 cm <r<6.50 cm: and
E,(4.50cm <7 <6.50cm)= @
Letting o, represent the charge 0. e = 0,4, =270,R,L
density on the outer surface, where R, = 6.50 cm.
express Q. ., for »>6.50 cm:
Substitute in equation (1) to E(r>R,)= 2k(270,R,L) _ O,R,
. R 2) -
obtain: Lr €y T

In (b) we show that oy = 21.22 nC/m”. Substitute numerical values to obtain:

(21.22nC/m*)(6.50cm) [ 156N-m/C

Exlr > 6:500m)= (8.854x10™C?/N-m?)r r




2142 Chapter 22

(b) The surface charge densities on - __ = A
the inside and the outside surfaces of 2R
the outer conductor are given by: and
A
Uoutside =
272-1{0utside
Substitute numerical values and S 6.00nC/m _ o1 550 c/m?
evaluate Oinside and Oousside: 272(0.0450m)
=| -21.2nC/m’
and
6.00nC/m
o-outside = A (nnren
272(0.0650m)
=|14.7nC/m’

54 e« An infinitely long non-conducting solid cylinder of radius a has a non-
uniform volume charge density. This density varies linearly with R, the

perpendicular distance from its axis, according to p(R) = SR, where fis a
constant. (@) Show that the linear charge density of the cylinder is given by
A=27rpa’/3. (b) Find expressions for the electric field for R < a and R > a.

Picture the Problem From symmetry considerations, we can conclude that the
field tangent to the surface of the cylinder must vanish. We can construct a
Gaussian surface in the shape of a cylinder of radius » and length L and apply
Gauss’s law to find the electric field as a function of the distance from the
centerline of the infinitely long nonconducting cylinder.

Apply Gauss’s law t 1
(a) Apply Gauss's law to a § EdA=—0,.
cylindrical surface of radius » and 8 €,
length L that is concentric with the or
infinitely long nonconductin » -
. y g g 2727,LE — Qmslde :>ER — Q1n51de (1)
cylinder: g, 2wl €,
where we’ve neglected the end areas
because there is no flux through them.

for p(r) = ar: dQ. ... = p(r)dV = ar(27rL)dr
= 27ar’ Ldr

Express dQ.

inside
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Integrate dQ, . fromr=0to R 8 R
© obtain: 0, =2ml ! ridr =2mal| — 0
_ 2mal. R
3
Divide both sides of this equation by 1o O..oc |2mR’
L to obtain an expression for the L 3
charge per unit length A of the
cylinder:
(b) Substitute for O, . In equation 2mal 3

(1) and simplify to obtain: E, (r < R)= 3 Y
2re, Lr | 3¢€,

For = R: Qinside = 27TaL R3
3
Substitute for Q, .. In equation (1) 2mal R
o 3
and simplify to obtain: E, (r > R) __3 _| R
2wl €, 3re,

55 e [SSM] An infinitely long non-conducting solid cylinder of radius a
has a non-uniform volume charge density. This density varies with R, the
perpendicular distance from its axis, according to p(R) = bR?, where b is a
constant. (@) Show that the linear charge density of the cylinder is given by

A= 7ba*/2. (b) Find expressions for the electric field for R < ¢ and R > a.

Picture the Problem From symmetry; the field tangent to the surface of the
cylinder must vanish. We can construct a Gaussian surface in the shape of a
cylinder of radius » and length L and apply Gauss’s law to find the electric field as
a function of the distance from the centerline of the infinitely long nonconducting

cylinder.
(a) Apply Gauss’s law to a § Edd = LQ ‘
cylindrical surface of radius r and s " g, "
length L that is concentric with the or
infinitely long nonconductin » »
] y g g 27ZT"LEn — Q1ns1de :ER — Q1n31de (1)
cylinder: €, 2L €,

where we’ve neglected the end areas
because there is no flux through them.
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Express innside fOf p(l") = brz: innside = p(l")dV = brz (2WL )dl"
= 27br’ Ldr
Integrate dQ,_ .. fromr=0to R 1 A
to obtain: Qe = 2ﬂbL-([ ridr =27mL 4 .
= ﬂ R?
2

Divide both sides of this equation by a O, mR*

L to obtain an expression for the L | 2

charge per unit length A of the

cylinder:

(b) Substitute for Q, . in equation L

(1) and simplify to obtain: E, (r < R) __2 = b 73
2xlr €, 4 e,

For re R: Qinside = @R4
2
Substitute for O, . in equation (1) bl R
— 4
and simplify to obtain: E, (r > R) -_2 - bR
2rrL e, | 4re,

56 e« An infinitely long, non-conducting cylindrical shell of inner radius a,
and outer radius a; has a uniform volume charge density p. Find expressions for
the electric field everywhere.

Picture the Problem From symmetry; the field tangent to the surface of the
cylinder must vanish. We can construct a Gaussian surface in the shape of a
cylinder of radius » and length L and apply Gauss’s law to find the electric field as
a function of the distance from the centerline of the infinitely long nonconducting
cylindrical shell.

Apply Gauss’s law to a cylindrical

surface of radius » and length L that
is concentric with the infinitely long
nonconducting cylindrical shell:

§ EﬂdA = LQinside
S Eo
or
2mLE, = %:ER _ Oiniae

€, 2mrL €,
where we’ve neglected the end areas
because no flux crosses them.
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Forr<R,, O 0:

inside

Express Q. ., for Ry <r<Ry:

Substitute for Q.

inside

obtain:

Express Q. ., forr> Ry:

inside

Substitute for Q.

inside

obtain:

57 00

and simplify to

and simplify to

Continuous Charge Distributions

Ey(r<R)=[0]

Qinside :szpmzL_pmzL

:pﬂL(rz—Rf)
m\r’ — R’
ER(R1<V<R2):%OLFI)
_ p(’”z_Rlz)
- 2e€, 1

Opnsiae = PV = prb* L~ pra’L
= pri (R} - R?)
_ p7zL(R22 - Rlz)

ER(r>b)_ 2w e, rL
0

p(R22 _Rlz)
2e,r1

[SSM] The inner cylinder of Figure 22-42 is made of non-

2145

conducting material and has a volume charge distribution given by p(R) = C/R,

where C =200 nC/m’. The outer cylinder is metallic, and both cylinders are
infinitely long. («) Find the charge per unit length (that is, the linear charge

density) on the inner cylinder. (b) Calculate the electric field for all values of R.

Picture the Problem We can integrate the density function over the radius of the
inner cylinder to find the charge on it and then calculate the linear charge density
from its definition. To find the electric field for all values of » we can construct a
Gaussian surface in the shape of a cylinder of radius » and length L and apply
Gauss’s law to each region of the cable to find the electric field as a function of

the distance from its centerline.

(a) Find the charge Q. on the

mnner

inner cylinder:

Relate this charge to the linear
charge density:

S

r

Oiner = TP(”)dV = T mrLdr
0 0

R
- 27zCLjdr = 27CLR
0

/1 — Qinncr — 2ﬂCLR

inner = 2 ﬂC R
L L
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Substitute numerical values and
evaluate Aipner:

(b) Apply Gauss’s law to a
cylindrical surface of radius » and
length L that is concentric with the
infinitely long nonconducting
cylinder:

Substitute to obtain, for
r<1.50 cm:

Substitute numerical values and
evaluate Er(r < 1.50 cm):

Express O, 4. for

nside

1.50 cm <r<4.50 cm:

Substitute to obtain, for
1.50 cm <r<4.50 cm:

/’i’inner = 272.(20011(:/1'11)(0015011])
=| 18.8nC/m
1
iﬁ EndA = _Qinside
S EO
or
ZWLEn = %:ER — Qinside

& 2wl e,

where we’ve neglected the end areas
because there is no flux through them.

ER(r<1.SOcm)=ﬂ—£

2r ey Lr €,

Substitute numerical values and evaluate £,(1.50 cm <7 <4.50 cm):

E,(1.50cm < 7 < 4.50cm)

Because the outer cylindrical shell
is a conductor:

Forr>6.50cm, Q. .,. =27CLR

inside

and:

200nC/m?
E. (r<1.50cm)=
R(l” ) 8,854><10_12C2/N-m2
=] 22.6kN/C
Qinside = 27ZCLR
E,(1.50cm < 7 < 4.50cm) = ——L
2re,rL
_ CR
EO r
where R =1.50 cm.
_ (200nC/m?)(0.0150m) [ 339N-m/C
(8.854x102C*/N-m?)r ,

E,(4.50cm <7 <6.50cm)=| 0

339N -m/C

r

E, (r > 6.50cm)=
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Electric Charge and Field at Conductor Surfaces

58 . An uncharged penny is in a region that has a uniform electric field of
magnitude 1.60 kN/C directed perpendicular to its faces. (@) Find the charge
density on each face of the penny, assuming the faces are planes. (b) If the radius
of the penny is 1.00 cm, find the total charge on one face.

Picture the Problem Because the penny is in an external electric field, it will
have charges of opposite signs induced on its faces. The induced charge o is
related to the electric field by £ = o/ &p. Once we know o, we can use the
definition of surface charge density to find the total charge on one face of the
penny.

(a) Relate the electric field to the =% o= e E

charge density on each face of =

the penny:

Substitute numerical values and o= (8.854>< 10?C*/N-m’ )(1 .60KN/C)
evaluate o =14.17nC/m’ =[ 142nC/m’

(b) Use the (‘ieﬁnition .Of surface =2 _ % —0=orr

charge density to obtain: A

Substitute numerical values and 0= ;;(14, 17nC/m? )(0_0100 m)’
evaluate QO: _[445pC

59 . A thin metal slab has a net charge of zero and has square faces that
have 12-cm-long sides. It is in a region that has a uniform electric field that is
perpendicular to its faces. The total charge induced on one of the faces is 1.2 nC.
What is the magnitude of the electric field?

Picture the Problem Because the metal slab is in an external electric field, it will
have charges of opposite signs induced on its faces. The induced charge o is
related to the electric field by E =0/ €.

Relate the magnitude of the electric =9
field to the charge density on the &
metal slab:

Use its definition to express o':
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Substitute for o to obtain: Ee 0
L e,
Substitute numerical values and e 1.2nC
evaluate E: (0.12m)*(3.854x10"2 C*/N-m?)
=| 9.4kN/C

60 e A charge of -6.00 nC is uniformly distributed on a thin square sheet of
non-conducting material of edge length 20.0 cm. (a) What is the surface charge
density of the sheet? () What are the magnitude and direction of the electric field
next to the sheet and proximate to the center of the sheet?

Picture the Problem We can apply its definition to find the surface charge
density of the nonconducting material and calculate the electric field at either of
its surfaces from o/(2 &y).

(a) Use its definition to find o: __—0. —[ 150 nC/m>

(b) The magnitude of the electric e © | —150nC/m?>
field just outside the surface of the [E]= 2e, |2(g_g54>< 1072 C2/N -m? )|
sheet on the side that is charged is

. . =| 8.47kN/C
given by:

The direction of the field on the side of the sheet that is charged is the direction of
the electric force acting on a test charge. Because the surface is negatively
charged, this force and, hence, the electric field, is directed toward the surface.

Because the sheet is constructed from non-conducting material, no charge is
induced on the second surface of the sheet and there is, therefore, no electric field
just outside the sheet surface on this side.

61 o A conducting spherical shell that has zero net charge has an inner
radius R; and an outer radius R,. A positive point charge ¢ is placed at the center
of the shell. (a) Use Gauss’s law and the properties of conductors in electrostatic
equilibrium to find the electric field in the three regions: 0<r<R,, R, <r<R,,
and r > R, , where r is the distance from the center. (b) Draw the electric field

lines in all three regions. (¢) Find the charge density on the inner surface (» = R;)
and on the outer surface (» = R) of the shell.

Picture the Problem We can construct a Gaussian surface in the shape of a
sphere of radius » with the same center as the shell and apply Gauss’s law to find
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the electric field as a function of the distance from this point. The inner and outer
surfaces of the shell will have charges induced on them by the charge ¢ at the
center of the shell.

(a) Apply Gauss’s law to a spherical
surface of radius 7 that is concentric
with the point charge:

§ E,dA= LQinside =47zr’E, = Dinite
s &, e,

Solving for E, yields: E - O ide (1
" 4rr’ e,

Forr <Ri, O, 4= ¢- Substitute E(r<R)- g9 |k

in equation (1) and simplify to ’ Vodnrte, |17

obtain:

Because the spherical shell is a O.ige =0

conductor, a charge —¢g will be and

induced on its inner surface. E(R <r<R ):@

Hence, for R; <r <R»: T ?

For r> Ry, O, g4 = q- Substitute E(r>R) g _|kq

in equation (1) and simplify to ’ Y4t e, L7

obtain:

(b) The electric field lines are
shown in the diagram to the right:

(c) A charge —q is induced on the q
) .. Crver =| ———
inner surface. Use the definition of fnner 47R}
surface charge density to obtain:
A charge ¢ is induced on the outer q

.. O s =
surface. Use the definition of surface outer 47R?

charge density to obtain:
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62 +»  The electric field just above the surface of Earth has been measured to
typically be 150 N/C pointing downward. (a) What is the sign of the net charge on
Earth’s surface under typical conditions? (b)What is the total charge on Earth’s
surface implied by this measurement?

Picture the Problem We can construct a spherical Gaussian surface at the
surface of Earth (we’ll assume Earth is a sphere) and apply Gauss’s law to relate
the electric field to its total charge.

(a) Because the direction of an electric field is the direction of the force acting on
a positively charged object, the net charge on Earth’s surface must be negative.

(b)Apply Gauss’s law to a spherical
surface of radius Rg that is
concentric with Earth:

§ EndA = LQinside = 47[Ré En = _Qinside
S Eo 60

Solve for O. .. = to obtain: 2

v Q1n51de QEarth QEanh — 47[ E() RéEn — REkEn
Substitute numerical values and (6.37 x10° m)2 (1 50 N/C)
evaluate O,y Qe = 8.988x10° N-m?/C?

= 677kC

63 e [SSM] A positive point charge of 2.5 uC is at the center of a
conducting spherical shell that has a net charge of zero, an inner radius equal to
60 cm, and an outer radius equal to 90 cm. (a) Find the charge densities on the
inner and outer surfaces of the shell and the total charge on each surface. (b) Find
the electric field everywhere. (c) Repeat Part (a) and Part (b) with a net charge of
+3.5 uC placed on the shell.

Picture the Problem Let the inner and outer radii of the uncharged spherical
conducting shell be R, and R, and ¢ represent the positive point charge at the
center of the shell. The positive point charge at the center will induce a negative
charge on the inner surface of the shell and, because the shell is uncharged, an
equal positive charge will be induced on its outer surface. To solve Part (b), we
can construct a Gaussian surface in the shape of a sphere of radius » with the
same center as the shell and apply Gauss’s law to find the electric field as a
function of the distance from this point. In Part (c) we can use a similar strategy
with the additional charge placed on the shell.

(a) Express the charge density on the _ Yinner

inner surface: Y
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Express the relationship between the
positive point charge g and the
charge induced on the inner surface

qinner :

Substitute for g, .. and A4 to obtain:

Substitute numerical values and
evaluate Giner:

Express the charge density on the
outer surface:

Because the spherical shell is
uncharged:

Substitute for gouter to obtain:

Substitute numerical values and
evaluate oyyter:

(b) Apply Gauss’s law to a
spherical surface of radius 7 that
is concentric with the point
charge:

Solve for £ :

q + qinner = 0 = qinner = _q

—4q
O-inner = 2
4R,

- T2HC 055 4Cim’
472(0.60m)

inner

_ qoutcr

Gouter - A

qouter + qinner = 0

_ - qinner

Gouter - 4 7ZR22

outer

2.5uC

a(000m) - 0.25 uC/m’

§S EndA = L Qinside =4 VzEr = —QinSide

€ €o

E = Qinside ( 1 )

"4t e,

For r < Ry = 60 cm, Oinsige = ¢. Substitute in equation (1) and evaluate

E,(r <60 cm) to obtain:

E,(r<6Ocm):4ﬂ%:
0

kg _ (8.988x10° N-m?/C?)(2.5 4C)

2
r

—| (23x10*N-m%/C) -
r
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Because the spherical shell is a
conductor, a charge —q will be
induced on its inner surface. Hence,
for 60 cm <7 <90 cm:

Qinside = 0
and
E (60cm <7 <90cm)= @

For > 90 cm, the net charge inside the Gaussian surface is ¢ and:

E (r >90cm)=k—‘f=
-

(c) Because E = 0 in the conductor:

Express the relationship between
the charges on the inner and
outer surfaces of the spherical
shell:

Oouter 1S NOW given by:

For r <Ry = 60 cm, Qinside = ¢
and E,(r < 60 cm) is as it was in

(a):

Because the spherical shell is a
conductor, a charge —g will be
induced on its inner surface.
Hence, for 60 cm <7 <90 cm:

(23x10*N-m*/C) -

7
(]imer = —ZS/JC

and

s =| —0.55uC/m” |as before.
qouter + qinner = 35,UC

and

Douter = 35,UC “Ginner — 6OIUC

_ 6.04C =1 0.59 uC/m*

" " 472(0.90m)
E,(r<60cm)=|(23x10*N- mz/c)iz
r
Qinside = 0
and

E,,(60cm <r< 900m): @

For » > 0.90 m, the net charge inside the Gaussian surface is 6.0 ¢C and:

E.(r>90cm)= kq

5 =
r

64 o

(5.988x10° N+ m*/C*)(6.0 4C) = =
r

(5.4x10°N-m*/C) -

r

If the magnitude of an electric field in air is as great as 3.0 x 10° N/C,

the air becomes ionized and begins to conduct electricity. This phenomenon is
called dielectric breakdown. A charge of 18 uC is to be placed on a conducting
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sphere. What is the minimum radius of a sphere that can hold this charge without
breakdown?

Picture the Problem From Gauss’s law we know that the electric field at the
surface of the charged sphere is given by E = kQ/ R* where Q is the charge on the

sphere and R is its radius. The minimum radius for dielectric breakdown
corresponds to the maximum electric field at the surface of the sphere.

Use Gauss’s law to express the E= kQ

electric field at the surface of the R’

charged sphere:

Express the relationship between kQ kQ

E and R for dielectric breakdown: max T p2 = R = E

Substitute numerical values and (8,988 x10° N-m?/C? )(1 8 uC)
evaluate Rpin: R = 3.0x10° N/C

=|23cm

65 ee» [SSM] A square conducting slab carries a net charge of 80 ¢C. The
dimensions of the slab are 1.0 cm x 5.0 m x 5.0 m. To the left of the slab is an
infinite non-conducting flat sheet with charge density 2.0 #C/m”. The faces of the
slab are parallel to the sheet. (a) Find the charge on each face of the slab.
(Assume that on each face of the slab the surface charge is uniformly distributed,
and that the amount of charge on the edges of the slab is negligible.) (b) Find the
electric field just to the left of the slab and just to the right of the slab.

Picture the Problem (a) We can use E,
the fact that the net charge on the
conducting slab 1s the sum of the
charges Qi and Qyigne on its left and
right surfaces to obtain a linear —
equation  relating these charges.
Because the electric field is zero inside

[ —

2.04C/m’
/

the slab, we can obtain a second linear -
equation in Qi and Origne that we can - .
solve simultaneously with the first -
equation to find Qe and QOrigne. (b) We B |

can find the electric field on each side
of the slab by adding the fields due to
the charges on the surfaces of the slab
and the field due to the plane of charge.

Infinite non-conducting flat sheet o
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(a) The net charge on the conducting
slab is the sum of the charges on the
surfaces to the left and to the right:

Because the electric field is equal to
zero inside the slab:

Letting 4 represent the area of the
charged surfaces of the slab and

substituting for o, and o,

yields:
Simplifying to obtain:

Substituting numerical values yields:

Solve equations (1) and (2)
simultaneously to obtain:

(b) Express the total field just to the
left of the slab:

Substituting for o,,, and o, and

right

simplifying yields:

Qleft + Qright = 80 IUC (1)

O sheet + Olett _ O-right =0

2e, 2¢, 2¢,

O sheet + Qleft _ Qright
2e, 24, 2A4e,

=0

A Gsheet + Qleft - Qright = 0

(5-0 m)2 (2-0 Ez) + O — Qright =0
m

or

Qleft - Qright ==50uC (2)

O =| 15 4C | and Qright =] 65uC

Eleft of — Esheet + EQlefL + EQright
the slab
o A~ O~ Oright «
— sheet & left r— g r
2€, 2e, 2€,

where 7 is a unit vector pointing away
from the slab.

E _ O-sheet f _ Qleﬁ ”; _ Qright ’,;
left of
the slab 2 € 24 € 24 €y
_ Ao-shcct - (Qlcft + Qright )f
24 €,

Substitute numerical values and evaluate E,; ; :

. (5.0m)(2.0 4C/m* )~ (15 4C +654C )

the slab

7 =| (-68kN/C) 7

left of

hes  2(5.0m)*(8.854x1072 C*/N-m?)
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Express the total field just to the E i o = Egea Y o, T Eignt surtuce
right of the slab: the slab of the slab

— O-sheet f + O-left ﬁ + O-right ﬁ

2¢, 2¢, 2€,
Substituting for o, and o, and . _ et 5, Ot P Orighe ;
. n . . right of —

simplifying yields: the slab 2 € 24, 24e€,

_ A O-sheet + (Qright + Qleft )f

24 €,

Substitute numerical values and evaluate Eright of -

the slab

= (50 m)? (2.0 4C/m? )+ (65 1C +15.C )

e 2(5.0m)(8.854x10"2 C*/N-m?)

7= (0.29MN/C) 7

General Problems

66 e  Consider the concentric metal sphere and spherical shells that are
shown in Figure 22-43. The innermost is a solid sphere that has a radius R;. A
spherical shell surrounds the sphere and has an inner radius R, and an outer radius
R;. The sphere and the shell are both surrounded by a second spherical shell that
has an inner radius R4 and an outer radius Rs. None of these three objects initially
have a net charge. Then, a negative charge —Q is placed on the inner sphere and a
positive charge +Qy is placed on the outermost shell. (@) After the charges have
reached equilibrium, what will be the direction of the electric field between the
inner sphere and the middle shell? () What will be the charge on the inner
surface of the middle shell? (¢) What will be the charge on the outer surface of the
middle shell? (d) What will be the charge on the inner surface of the outermost
shell? (e) What will be the charge on the outer surface of the outermost shell?

(f) Plot E as a function of r for all values of 7.

Determine the Concept We can determine the direction of the electric field
between spheres I and II by imagining a test charge placed between the spheres
and determining the direction of the force acting on it. We can determine the
amount and sign of the charge on each sphere by realizing that the charge on a
given surface induces a charge of the same magnitude but opposite sign on the
next surface of larger radius.

(a) The charge placed on sphere III has no bearing on the electric field between
spheres I and II. The field in this region will be in the direction of the force
exerted on a test charge placed between the spheres. Because the charge at the

center is negative, | the field will point toward the center.
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(b) The charge on sphere I (—Qp) will induce a charge of the same magnitude but

opposite sign on sphere II: | +Q,

(¢) The induction of charge +Qy on the inner surface of sphere II will leave its

outer surface with a charge of the same magnitude but opposite sign: | —Q,

(d) The presence of charge —Qy on the outer surface of sphere II will induce a
charge of the same magnitude but opposite sign on the inner surface of sphere

L] + 0,

(e) The presence of charge +Q, on the inner surface of sphere III will leave the

outer surface of sphere III neutral: | 0

(f) A graph of E as a function of » is 2 B B B
. 1 2 3 4 5 I
shown to the right: —

67 e [SSM] A large, flat, nonconducting, non-uniformly charged surface
lies in the x = 0 plane. At the origin, the surface charge density is +3.10 £C/m”. A
small distance away from the surface on the positive x axis, the x component of

the electric field is 4.65 x 10° N/C. What is E, a small distance away from the
surface on the negative x axis?

Picture the Problem Because the difference between the field just to the right of
the surface E____ and the field just to the left of the surface E___ is the field due

X,pos x,neg

to the nonuniform surface charge, we can express E, ., as the difference between
E, . and o/e,.

X,pos

Express the electric field just to the o

.« . . x,neg = X,pos -
left of the origin in terms of E__ €

and o/e, :
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Substitute numerical values and evaluate E :

x,neg *

2
E  =4.65x10° N/C— 3.104C/m ~[115 kN/C

e 8.854x107"* C?*/N-m?

68 e  An infinitely long line charge that has a uniform linear charge density
equal to —1.50 £C/m lies parallel to the y axis at x =-2.00 m. A positive point
charge that has a magnitude equal to 1.30 xC is located at x = 1.00 m, y = 2.00 m.
Find the electric field at x =2.00 m, y = 1.50 m.

Picture the Problem Let P denote the point of interest at (2.00 m, 1.50 m). The
electric field at P is the sum of the electric fields due to the infinite line charge
and the point charge.

y,m
do____ (1.00,2.00)
2.00 - 1.30;@\
A=-1. r
1.50 uC/m : . P(2.00,1.50)
|
L R s e ;
| |
| |
| |
| |
! ! X, m
| I ’
~2.00 0 1.00 2.00
Express the resultant electric fieldat P E=E, + E .
Find the field at P due the infinite line charge:
9 2 2
B A, 2(8.988x10" N-m*/C*)(=1.50 4C/m) + _ (6. T41KNIC)
r 4.00m
Express the field at P due the point E = kq ;
charge: Ty
Referring to the diagram above, r=1.118m
determine r and 7 : and

7 =0.8944i —0.4472 ]
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Substitute and evaluate E . (2.00m,1.50m):

9 2 2
E,(2.00m,1.50m) = (8:988x10' N-m’/C )(1'30”(3)(0.89442 —0.4472j)

(1.118m)’
(9.348 kN/c)(o.8944i - 0.4472})
= (8.361kN/C)i —(4.180kN/C);

Substitute and simplify to obtain:

E(2.00m,1.50m) = (- 6.741kN/C)i +(8.361kN/C)i —(4.180kN/C);
=| (1.62kN/C)i —(4.18kN/C);

69 e [SSM] A thin, non-conducting, uniformly charged spherical shell of
radius R (Figure 22-44a) has a total positive charge of Q. A small circular plug is
removed from the surface. (¢) What is the magnitude and direction of the electric
field at the center of the hole? (b) The plug is now put back in the hole (Figure 22-
44p). Using the result of Part (a), find the electric force acting on the plug.

(c) Using the magnitude of the force, calculate the "electrostatic pressure”
(force/unit area) that tends to expand the sphere.

Picture the Problem If the patch is small enough, the field at the center of the
patch comes from two contributions. We can view the field in the hole as the sum
of the field from a uniform spherical shell of charge Q plus the field due to a
small patch with surface charge density equal but opposite to that of the patch cut
out.

(a) Express the magnitude of the E=E_ i
electric field at the center of the hole: shell

1 + Ehole

Apply Gauss’s law to a spherical

2\ _ Qenclosed _2

gaussian surface just outside the Esghﬁrical (47” )_ e e

. she 0 0
given sphere:
Solve for E, .., to obtain: E - 0

shell spherical 2
shell dre,r

The electric field due to the small g _.—O
hole (small enough so that we can hole =~ &

treat it as a plane surface) is:
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Substitute and simplify to obtain: Eo 0 L-c
dre,r’ 2¢,
__ 9 9
dre,r’ 2e, (47rr2)
= LZ radially outward
qre,r
(b) Express the force on the patch: F=qF

where ¢ is the charge on the patch.

Assuming that the patch has radius q 0 a’
a, express the proportion between PO orq= 472 o
its charge and that of the spherical
shell:
Substitute for ¢ and E in the a’ 0
. . F =
expression for F to obtain: 42 87 e,
22
= Q—a4 radially outward
Rreyr
(c) The pressure is the force exerted 0%a’
?}? thetplzltjcch divided by the area of o Nre, rt B 0’
© pateh: ma’ 327 e, rt

70 e« Aninfinite thin sheet in the y = 0 plane has a uniform surface charge
density o1 = +65 nC/m’. A second infinite thin sheet has a uniform charge density
oy = +45 nC/m” and intersects the y = 0 plane at the z axis and makes an angle of
30° with the xz plane, as shown in Figure 22-45. Find the electric field at
(a)x=6.0m,y=2.0mand (b)) x=6.0m, y=5.0 m.

Picture the Problem Let the numeral 1 refer to the plane with charge density o
and the numeral 2 to the plane with charge density o ;. We can find the electric
field at the two points of interest by adding the electric fields due to the charge
distributions of the two infinite planes.

b
Il

Express the electric field at any
point in space due to the charge
distributions on the two planes:

E +E, (1)
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(a) Express the electric field at (6.0 m, 2.0 m) due to plane 1:

2
E1(6.0m,2.0m)= % j= +65nC/m

j =(3.67kN/C)j
26,” " 2f885x10 2N -m?)’ ( )

Express the electric field at (6.0 m, 2.0 m) due to plane 2:

o, . +45nC/m’
r= 12 2 2
2¢, 2(8.85x10"C*N-m
where Fis a unit vector pointing from plane 2 toward the point whose coordinates
are (6.0 m, 2.0 m).

E,(6.0m,2.0m)=

)f = (2.54kN/C)?

A
.

Refer to the diagram below to obtain: 7 =sin30° —cos30° j

y

30° |

Substitute to obtain:

E,(6.0m,2.0m) = (2.54kN/C (sin 30°F — cos 30°)
(1.27kN/C)i +(=2.20kN/C);

Substitute in equation (1) to obtain:

E(6.0m,2.0m)=(3.67kN/C)j +(1.27kN/C)i +(~2.20kN/C);
=| (1.3kN/C)i +(1.5kN/C);j

(b) Note that E,(6.0m,5.0m)= E,(6.0m,2.0m) so that:

2
E1(6m,5m): o }z 65nC/m A

=(3.67kN/C)j
2e,” 28 85x102CF/N-m?)’ ( )

Note also that E,(6.0m,5.0m)=—E,(6.0m,2.0m) so that:

E,(6.0m,5.0m)=(~1.27kN/C)i +(2.20kN/C)j
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Substitute in equation (1) to obtain:

A
.

E(6.0m,5.0m)=(3.67kN/C)j+(~1.27kN/C)i +(2.20kN/C)j
=| (-1.3kN/C)i +(5.9kN/C)j

71 e Two identical square parallel metal plates each have an area of

500 cm®. They are separated by 1.50 cm. They are both initially uncharged. Now
a charge of +1.50nC is transferred from the plate on the left to the plate on the
right and the charges then establish electrostatic equilibrium. (Neglect edge
effects.) (a) What is the electric field between the plates at a distance of 0.25 cm
from the plate on the right? () What is the electric field between the plates a
distance of 1.00 cm from the plate on the left? (¢) What is the electric field just to
the left of the plate on the left? (d) What is the electric field just to the right of the
plate to the right?

Picture the Problem The transfer of charge from the plate on the left to the plate
on the right leaves the plates with equal but opposite charges. Because the metal
plates are conductors, the charge on each plate is completely on the surface facing
the other plate. The symbols for the four surface charge densities are shown in the
figure. The x component of the electric field due to the charge on surface 1L is
-0, /2 €, at points to the left of surface 1L and is +o0,, /2 €, at points to the

right of surface 1L, where the +x direction is to the right. Similar expressions
describe the electric fields due to the other three surface charges. We can use
superposition of electric fields to find the electric field in each of the three
regions.

b 2
I II II
B N
GILO-IR (72L62R
Define oy and o3 so that: 0,=0, +0,
and
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(a) and (b).In the region between the _%u T _Tu  Ox
plates (region II): LTS e, 2e, 2e, 2e,
_04+- %1 _ % _(_%179%
2¢, 2¢, &,
Let 0, =—0, =0 . Then: 0,—-0,=—0—-0=-20
Substituting for o, —o, and E - ~20__ 0O
using the definition of o yields: e, Ag,
Substitute numerical values and evaluate £
1.50
E ,=- CZnC =[ 339 kN/C | toward the left
(8.854>< 1072 ZJ (500x10°m?)
N-m
(c) The electric field strength just to 0, Ogr Oy Oxn

the left of the plate on the left (region Ei=
I) is given by:

_n_ % 06,
2¢, 2e,
__~9_ 9 _Io
2, 2e,
(d) The electric field strength just to 0, Ogr Oy Ox
the r'ight of Fhe plate on the right x = 2, + 2e, + 2¢€, + 2e,
(region III) is given by:
=0+ 4+ %2 g
2e, 2¢,

o o
+ =
2, 2e¢, @

72 e Two infinite nonconducting uniformly charged planes lie parallel to
each other and to the yz plane. One is at x =—2.00 m and has a surface charge
density of —3.50 £C/m”. The other is at x = 2.00 m and has a surface charge
density of 6.00 £C/m”. Find the electric field in the region

(a) x <-2.00 m, () -2.00 m <x < 2.00 m, and (¢) x > 2.00 m.

Picture the Problem Let the numeral 1 refer to the infinite plane at x = —2.00 m
and the numeral 2 to the plane at x = 2.00 m and let I, II, and III identify the
regions to the left of plane 1, between the planes, and to the right of plane 2,
respectively. We can use the expression for the electric field of in infinite plane of
charge to express the electric field due to each plane of charge in each of the three
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regions. Their sum will be the resultant electric field in each region.
o, =-3.50uC/m’ 6, = 6.00 uC/m’
I 1 11
| X, m
~2.00 0 2.00
The resultant electric field is the sum E=E +E, (1)

of the fields due to planes 1 and 2:

(a) The field due to plane 1 in region
I is given by:

The field due to plane 2 in region I is
given by:

Substitute for E,and E, in equation
(1) and simplify to obtain:

Substitute numerical values and
evaluate E :

(b) The field due to plane 1 in
region II is given by:

The field due to plane 2 in region
I is given by:

Substitute for El and E , In equation

(1) and simplify to obtain:

£ - 20510 )
k= 26520 )
E=2 (i) %2 (§)=-914%;

2 €, 2¢, 2 €,

—3.50 uC/m’ +6.00 £C/m* ;

= Rssaxi0”CONem?)
=| (-141kN/C)i
E =21
2,
= o, 2
EZ_ZGO( l)
= O (3 o, _:20'1—0'2:
E_260(1)+260( l) 2 €, !
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Substitute numerical values and £ 7350 #C/m* —6.00 4C/m’ ;
evaluate E : 2(8.854 x107"* C*/N-m’ )

(-536kN/C)i

(¢) The field due to plane 1 in E -9 ;

region III is given by: 2 &

The field due to plane 2 in region E -9 ;

III is given by: 2 &

Substitute for E,and E, in equation F= O (;)+ o, (;): 0,0,
(1) and simplify to obtain: 2¢, 2€, 2€,
Substitute numerical values and £ 7350 4C/m* +6.00 C/m* ;
evaluate E : 2(8.854 x10™* C*/N - m2)

(141kN/C)i

73 ee» [SSM] A quantum-mechanical treatment of the hydrogen atom
shows that the electron in the atom can be treated as a smeared-out distribution of
negative charge of the form p(r) = —pye *"“. Here r represents the distance from
the center of the nucleus and a represents the first Bohr radius which has a
numerical value of 0.0529 nm. Recall that the nucleus of a hydrogen atom
consists of just one proton and treat this proton as a positive point charge.

(a) Calculate py, using the fact that the atom is neutral. (b) Calculate the electric
field at any distance r from the nucleus.

Picture the Problem Because the atom is uncharged, we know that the integral of
the electron’s charge distribution over all of space must equal its charge g..
Evaluation of this integral will lead to an expression for py. In (b) we can express
the resultant electric field at any point as the sum of the electric fields due to the
proton and the electron cloud.

[’e]

(a) Because the atom is uncharged, i

the integral of the electron’s charge €= J.P(’” Jav = J-P(’” Yz r*dr
distribution over all of space must 0 0

equal its charge e:

Substitute for o(r) and simplify to <
Obtain: p( ) p y e = _J' poe—Zr/a 472'”2617”
0

=—4np, j rre™dr

0
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Use integral tables or integration by
parts to obtain:

0

Substitute for _[ r2e 21 dr to obtain:
0

Solving for p, yields:

(b) The field will be the sum of the
field due to the proton and that of
the electron charge cloud:

Express the field due to the electron
cloud:

Substitute for £, and £, to obtain:

QO(r) is given by:

—e .
3 .
a

From Part (a), p, =

From a table of integrals:

r

J.x2672x/adx — %efb'/aa

0
-1
=ye

3

-2r/a 3

{(e‘zr/” —1)-20 -2

:%{(l_e—wa)_ze—zw(ﬂ_ﬁ]

B 3
or/a a
jrze 2l gy ==
0 4

3
e=—4np, (%) =-ra’p,

Po=|"— 3
wa

E=E,+E

cloud

kQO\r
Ecloud (l’) = r—2()
where Q(r) is the net negative charge
enclosed a distance » from the proton.

£()="e. "gﬁr) (1)

O(r) = [47” p(ryar'
0
= 472'... " poe N dr
0

r

o(r)= 4”(__e3j,[ re e gy
7

0

_46” 12 _=2r'a g 1
=—3jr e dr
a 5%

[(efz"/” - l)a2 —2ar — 2r2]

2

a a
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Substituting for J.r'ze_z"'/“dr' in the expression for Q(r)and simplifying yields:
0

Substitute for Q(r)in equation (1) and simplify to obtain:

ke ke v/ el 7T
E(r)=r—2—m{(1—e” )-2¢7 (—+—2H

a a

ke 1 or/a ol

74 e A uniformly charged ring has a radius q, lies in a horizontal plane, and
has a negative charge given by —Q. A small particle of mass m has a positive
charge given by ¢. The small particle is located on the axis of the ring. () What is
the minimum value of ¢/m such that the particle will be in equilibrium under the
action of gravity and the electrostatic force? (b) If g/m is twice the value
calculated in Part (a), where will the particle be when it is in equilibrium? Express
your answer in terms of a

Picture the Problem We can apply the condition for translational equilibrium to
the particle and use the expression for the electric field on the axis of a ring
charge to obtain an expression for g¢/m. Doing so will lead us to the conclusion
that g/m will be a minimum when £, is a maximum and that
z= —a/ \/5 maximizes E..

ring

¢ ()
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gE, -mg=0=1 =% (1)
m E

(a) Apply ZFZ = 0 to the particle:
Note that this result tells us that the
minimum value of ¢/m will be where
the field due to the ring is greatest.

Express the electric field along the z £ kQz

axis due to the ring of charge: o (22 a2 )3/ :

Differentiate this expression with respect to z to obtain:

(22 +a2)3/2 _Zi(zz +a2)3/2
%:kQ%[(Zz +Zz)3/2]:kQ E +Z’f 3
= kO (22 +a2)3/2 (‘j(i)(j;st“z)l/z(zz) — kO (22 +a2)3(/22—3zz()322 +a2)1/2
z +a z"+a

Set this expres‘sion. equal to zero for (22 e )3/2 _ 322(22 + g2 )‘/2 I

extrema and simplify: (22 e )3 ’
(22 + a2)3/2 —322(22 + a2)1/2 =0,
and

Solve for z to obtain:
z=%

7

as candidates for maxima or minima.

You can either plot a graph of E. or a_
evaluate its second derivative at J2
these points to show that it is a

maximum at:

Substitute to obtain an expression

Ez,max: ki —i
. J-4) _ %0
z,max 32|
(( 4 jz 2} N27a?
——=| +a
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Substitute in equation (1) to obtain: q_ J27 0d’
m 2kQ
(b) If g/m is twice as great as in (a), kQ — kQz

then the electric field should be half J274° (ZZ +4? )3/ 2
its value in (a), that is:

or
1 z?
274" 2y
aé(l +sz
a
Let u = z*/a* and simplify to obtain: w +3u’ —24u+1=0

The following graph of f (u) =u’ +3u’ —24u +1 was plotted using a spreadsheet

program.
20
15 /
o /
; /
oA /
O N\ /
S /
-15 ,/
o N\ /
-25 ———
-30
0.0 0.5 10 15 2.0 25 3.0 3.5 4.0
a

Use your graphing calculator or trial- u=0.04189 and u =3.596
and-error methods to obtain:

The corresponding z values are: z=-0.205a and z =—-1.90a

The condition for a stable equilibrium position is that the particle, when displaced
from its equilibrium position, experiences a restoring force; that is, a force that
acts toward the equilibrium position. When the particle in this problem is just
above its equilibrium position the net force on it must be downward and when it is
just below the equilibrium position the net force on it must be upward. Note that
the electric force is zero at the origin, so the net force there is downward and
remains downward to the first equilibrium position as the weight force exceeds
the electric force in this interval. The net force is upward between the first and
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second equilibrium positions as the electric force exceeds the weight force. The
net force is downward below the second equilibrium position as the weight force
exceeds the electric force. Thus, the first (higher) equilibrium position is stable
and the second (lower) equilibrium position is unstable.

You might also find it instructive to use
your graphing calculator to plot a graph
of the electric force (the gravitational
force is constant and only shifts the
graph of the total force downward).

Doing so will produce a graph similar — 1 90a A\
to the one shown in the sketch to the ~0205a
right.

Note that the slope of the graph is negative on both sides of —0.205a whereas it is
positive on both sides of —1.90a; further evidence that —0.205a is a position of
stable equilibrium and —1.90a a position of unstable equilibrium.

75 e A long, thin, non-conducting plastic rod is bent into a circular loop
that has a radius a. Between the ends of the rod a short gap of length ¢, where

¢ << g, remains. A positive charge of magnitude Q is evenly distributed on the
loop. (a) What is the direction of the electric field at the center of the loop?
Explain your answer. () What is the magnitude of the electric field at the center
of the loop?

Picture the Problem The loop with the — M~
small gap is equivalent to a closed loop
and a charge of—Q// (27ZR) at the gap.
The field at the center of a closed loop
of uniform line charge is zero. Thus the
field is entirely due to the charge

—0r/(27R).

(a) Express the field at the center E . =E,,+E,, (D)
of the loop:

Relate the field at the center of the E = kq &

loop to the charge in the gap: =gl

Use the definition of linear charge 1=9_ 0 —q= or
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density to relate the charge in the
gap to the length of the gap:

Substitute for g to obtain: P - kQl
= ’

Substituting in equation (1) yields: E  —o- kQ! PO kOl
center 27[613 27[613

If Q is positive, the field at the origin points radially outward toward the gap.

(b) From our result in (a) we see £ kQY
that the magnitude of E

center

2m’

center 18:

76 e A non-conducting solid sphere that is 1.20 m in diameter and has its
center on the x axis at x = 4.00 m has a uniform volume charge of density of
+5.00 £C/m’. Concentric with the sphere is a thin non-conducting spherical shell
that has a diameter of 2.40 m and a uniform surface charge density of

~1.50 xC/m®. Calculate the magnitude and direction of the electric field at
(a)x=450m,y=0,(h)x=4.00m, y=1.10m, and (c) x =2.00 m, y = 3.00 m.

Picture the Problem We can find the electric fields at the three points of interest,
labeled 1, 2, and 3 in the diagram, by adding the electric fields due to the charge
distributions on the nonconducting sphere and the spherical shell.

y,m

3.00

1.10

+E (1)
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nonconducting sphere and the
spherical shell at any point in space:
(a) Because (4.50 m, 0) is inside the E, (4.50m,0)=0
spherical shell:
Apply Qau§s’s law to a spheri'cal E ()= 4r kord
surface inside the nonconducting 3
sphere to obtain:
Evaluate E sphero (0.50m):
E ..(0.50m)= %”(8.988x 10° N-m?/C*)(5.00 C/m? )(0.50m)i
= (94.1kN/C)i
Substitute in equation (1) to E(4.50 m,O) = (94.1kN/C)1: +0
obtain: — (94.1kN/C)i
Find the magnitude and direction E(4.50m,0) = | 94kN/C
of E(4.50m,0): and
f=|0°
(b) Because (4.00 m, 1.10 m) is E, (4.00m,1.10m)=0
inside the spherical shell:
Evaluate E sphere (1.10m):
9 2 2 2 3
E., (110m)- 47(3.988x10° N-m?/C )(5.20 4C/m?)0.600m) ;
3(1.10m)
= (33.6kN/C)j
Substitute in equation (1) to obtain: E(4.00m,1.10m) = (33.6kN/C)j+0

(33.6kN/C);
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Find the magnitude and direction E(4.00 m,1 .IOm) =1 33.6kN/C
of E(4.00m,1.10m):
and
0=|90°
B 2.00 m, 3.00 = kQghen
(c) Because ( m m) E.. ( r): 0 hol

outside the spherical shell:
where is a unit vector pointing from
(4.00 m, 0) to (2.00 m, 3.00 m).

Evaluate Q, ,: Ot = 0 A
— 47(~1.50 uC/m? )(1.20my’
=-27.14 uC

Refer to the following diagram to r=3.606m

find rand r: and

y,m r=-0.5547i +0.8321j
3,00 .(2.00,3.00)
T
. , x, m
2.00 4.00

Substitute numerical values and evaluate E_, (2.00 m,3.00 m):

(8.988x10° N-m*/C?)(- 27.144C)
(3.606m)’

(-18.77kN/C) (- 055477 +0.8321)
= (10.41kN/C)i + (~15.61kN/C);

Eshell (3 606 m)

Express the electric field due to the - kO phere
charged nonconducting sphere at a Sphm( ): r? !
distance r from its center that is

greater than its radius:
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Find the charge on the sphere: Ohere = PV phere

_ 47”(5.00 C/m’)0.600m

=4.524 uC

Evaluate E_, . (3.61m):

sphere

9 2 /~2
(8.988x10" N-m*/C*J4.52440C) . _ 3 g
(3.606m)

(3.128 kN/c)(— 0.5547i + 0.8321}')

(~1.735kN/C)i +(2.602kN/C);

E,;..(2.00m3.00m)

Substitute in equation (1) to obtain:

E(2.00m,3.00m) = (10.41kN/C)i +(~15.61kN/C)j +(~1.735kN/C)i
+(2.602kN/C);j
= (8.675kN/C)i +(~13.01kN/C);

Find the magnitude and direction of E(2.00m,3.00m):

E(2.00m,3.00m) = /(8.675kN/C)* +(—13.01kN/C)’ =[ 15.6kN/C

and

0 — ta [ T13OLNC)
8.675kN/C

77 e+ An infinite non-conducting plane sheet of charge that has a surface
charge density + 3.00 #C/m?” lies in the y = —0.600 m plane. A second infinite
non-conducting plane sheet of charge that has a surface charge density of

—2.00 £C/m?” lies in the x = 1.00 m plane. Lastly, a non-conducting thin spherical
shell of radius of 1.00 m and that has its center in the z = 0 plane at the
intersection of the two charged planes has a surface charge density of

~3.00 £C/m’. Find the magnitude and direction of the electric field on the x axis at
(a) x=0.400 m and (b) x =2.50 m.

Picture the Problem Let the numeral 1 refer to the infinite plane whose charge
density is o and the numeral 2 to the infinite plane whose charge density is

o>. We can find the electric fields at the two points of interest by adding the
electric fields due to the charge distributions on the infinite planes and the sphere.
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0, =-2.00 uC/m’

y, m
x— Oy=-3.00uC/m’
0 I } X, m
0.400  1.00 T 2.50
-0.600
(1.00,-0.600) | Oy =-2.00uC/m’
Express the electric field due to the E=E .  +E +E, (1)

infinite planes and the sphere at any
point in space:

(a) Because (0.400 m, 0) is inside the Esphm (0.400m,0)=0
sphere:

Find the field at (0.400 m, 0) due to plane 1:

2
E (0.400m,0)=-2L j = 3.00 4C/m .

= (169.4kN/C)j
26, T 2B854x10 2N -m?)’ ( )

Find the field at (0.400 m, 0) due to plane 2:

—2.00 C/m*
854x10™" C*/N-m?

E,(0.400m,0)= %2 (-7)= e

€y

)(— i)=(112.9kN/C)i

Substitute in equation (1) to obtain:

A
.

E(0.400m,0) = 0+(169.4kN/C)j +(112.9kN/C)i = (112.9kN/C)i +(169.4kN/C);

Find the magnitude and direction of E(0.400m,0):

E(0.400m,0) = /(112.9kN/C)} +(169.4kN/C)’ =203.6kN/C =| 204kN/C

and

0 =tan" 1694kN/C =56.31°=| 56.3°
112.9kN/C
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. . ~ k
(b) Because (2.50 m, 0) is outside B (0‘ 400 m,O) _ Qs];here ;
the sphere: P r
where 7 is a unit vector pointing from
(1.00 m, —0.600 m) to (2.50 m, 0).
Evaluate O phere - Qsphere = GAsphere = 470oR*
= 47(-3.00 C/m? )(1.00m)’
=-37.70 uC
Referring to the diagram above, r=1.616m
determine r and 7 : and

F=0.9285i +0.3714]

Substitute and evaluate E_,_(2.50m,0):

sphere

(8.988x10° N-m?/C?)(=37.70 uC)
(1.616mY’
(-129.8kN/C)(0.92857 +0.3714})

(~120.5kN/C)i +(~48.22kN/C)j

F

Esphere(z'Som’O)

Find the field at (2.50 m, 0) due to plane 1:

o 3.00 uC/m’ 5

_ = (169.4kN/C)j
2e,” " 2l8854x10 7 N -m?)? ( L

E,(2.50m,0)=

Find the field at (2.50 m, 0) due to plane 2:

_ 0 i —2.00 uC/m’

E,(2.
:(250m.0) 2e, 2(8.854x10"2C*/N-m?

)i = (-112.9kN/C)i

Substitute in equation (1) to obtain:

E(0.400m,0) = (~120.5kN/C)i + (—48.19kN/C)j +(169.4kN/C)j + (—112.9kN/C)i
(-233.5kN/C)i +(121.2kN/C)j
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Find the magnitude and direction of E (2.50 m,O):

E(2.50m,0) = /(- 233.5kN/CY + (121 2kN/C)* =] 263kN/C

and

0 — [ 12L2KN/C ) s
—233.5kN/C

78 e An infinite non-conducting plane sheet lies in the x =2.00 m plane and
has a uniform surface charge density of +2.00 £C/m’. An infinite non-conducting
line charge of uniform linear charge density 4.00 xC/m passes through the origin
at an angle of 45.0° with the x axis in the xy plane. A solid non-conducting sphere
of volume charge density —6.00 £C/m’ and radius 0.800 m is centered on the x
axis at x = 1.00 m. Calculate the magnitude and direction of the electric field in
the z=0 plane at x = 1.50 m, y = 0.50 m.

Picture the Problem Let P represent the point of interest at (1.50 m, 0.50 m). We
can find the electric field at P by adding the electric fields due to the infinite
plane, the infinite line, and the sphere. Once we’ve expressed the field at P in
vector form, we can find its magnitude and direction.

Express the electric field at P: E - e Ehnc " Esphm
Find E plane 8t P = O 2
plane — l
2 €,
2.00 uC/m* 5
=- i
2(8.854x10™ C*/N-m?)
= (-112.9kN/C)i
Express E, _at P: g 2kA P

line

r

Refer to the following figure to obtain:
7 =(0.50m)i —(0.50m)j and # =(0.707)i —(0.707);j
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yo m C)\'QQ
Q¥
N
4 = o=2.00 uC/m’
0.50— — = 5\
) r'
15 : ; X, m

1.00  1.50 2.00

p=-6.00 uC/m’

Substitute and simplify to obtain:

. 2(8.988x10° N-m?/C?)(4.00 C/m)
e 0.707m

=(101.7 kN/c)[(o.707)i - (0.707)}'] = (71.90kN/C)i + (- 71.90kN/C);

(0.707)i - (0.707)j]

Letting 7’ represent the distance from = Ar,
Esphere =—hr or
the center of the sphere to P, apply
Gauss’s law to a spherical surface of where r'is directed toward the center
radius 7’ centered at (1 m, 0) to of the sphere.
obtain an expression for E sphere 4L P
Refer to the diagram used above 7'=—(0.50m)i —(0.50m);
to obtain: and

A
.

7' =—(0.707)i —(0.707);j
Substitute numerical values and simplify to obtain:

E,. = %”(8.988x109 N-m?/C?)(0.707m)(-6.00 C/m? )[(0.707)i +(0.707);]

sphere

A A
. .

= (—112.9kN/C)(t +}°)= (~112.9kN/C)i +(~112.9kN/C);

Evaluating E yields:

E = (=112.9kN/C)i +(71.90kN/C)i + (- 71.90kN/C)j + (- 112.9kN/C)i
+(~112.9kN/C);j
= (~154.0kN/C)i +(~184.9kN/C)j
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Finally, find the magnitude and E = /(-154.0kN/C)’ +(~184.9kN/C)
direction of E :
=| 241kN/C
and
9 =tan™ M =|220°
—184.9kN/C

79 e« [SSM] A uniformly charged, infinitely long line of negative charge
has a linear charge density of —4 and is located on the z axis. A small positively
charged particle that has a mass m and a charge ¢ is in a circular orbit of radius R
in the xy plane centered on the line of charge. (a) Derive an expression for the
speed of the particle. (b) Obtain an expression for the period of the particle’s
orbit.

Picture the Problem («) We can apply :
Newton’s 2™ law to the particle to
express its speed as a function of its CB

mass m, charge ¢, and the radius of its T~ m,q
path R, and the strength of the electric
field due to the infinite line charge E.
(b) The period of the particle’s motion
is the ratio of the circumference of the

circle in which it travels divided by its
orbital speed. x

2

(a) Apply Newton’s 2™ law to v
z = qE = m?

the particle to obtain: d

radial

where the inward direction is positive.

Solving for v yields: gRE
v=_[—
m
The strength of the electric field at a £ 2k
distance R from the infinite line R

charge is given by:

Substitute for £ and simplify to 2kq A
obtain:
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(b) The speed of the particle is equal - 27R T 27R
to the circumference of its orbit T v
divided by its period:

Substitute for v and simplify to m
obtain: r=| R 1“17

80 e A stationary ring of radius a that lies in the yz plane has a uniformly
distributed positive charge Q. A small particle that has mass m and a negative
charge ¢ is located at the center of the ring. (a) Show that if x << a, the electric
field along the axis of the ring is proportional to x. (b) Find the force on the
particle of mass m as a function of x. (c¢) Show that if the particle is given a small
displacement in the +x direction, it will perform simple harmonic motion.

(d) What is the frequency of that motion?

Picture the Problem Starting with the equation for the electric field on the axis
of ring charge, we can factor the denominator of the expression to show that, for
x <<a, E,is proportional to x. We can use F\, = gE, to express the force acting on
the particle and apply Newton’s 2™ law to show that, for small displacements
from equilibrium, the particle will execute simple harmonic motion. Finally, we
can find the period of the motion from its angular frequency, which we can obtain
from the differential equation of motion.

(a) Express the electric field on the £ = kQx
axis of the ring of charge: ) (x2 +a? )3/ 2
Factor a* from the denominator of E - kQx
E, to obtain: ¥ 2 32
Cl2 (1 + 2]
a
kQx kQ

= x| —X

32 3
3 x’ a
a 1+72
a

provided x << a.

(b) Express the force acting on the F =qE. - kqQ .

particle as a function of its charge ¥ a’
and the electric field:
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(c) Because the negatively charged d’x _ kqQ
particle experiences a linear restoring m > a o
force, we know that its motion will or

b:dsimple harmonic‘. Apply Newton’s d’x  kqO 0
2" law to the negatively charged e + ma’ xX=

rticle to obtain:
particie to obtain the differential equation of simple

harmonic motion.

(d) Relate the frequency of the w 1
: : : ) f (1)

simple harmonic motion to its 2

angular frequency:

From the differential equati

quation we W = kqQ L e [kqO
have: ma’ ma’
Substitute for @ in equation (1) 1 [kqO
and simplify to obtain: /= 27\ ma

81 e [SSM] The charges Q and g of Problem 80 are +5.00 £C and

—5.00 uC, respectively, and the radius of the ring is 8.00 cm. When the particle is
given a small displacement in the x direction, it oscillates about its equilibrium
position at a frequency of 3.34 Hz. (a) What is the particle’s mass? (b) What is
the frequency if the radius of the ring is doubled to 16.0 cm and all other
parameters remain unchanged?

Picture the Problem Starting with the equation for the electric field on the axis
of a ring charge, we can factor the denominator of the expression to show that, for
x << a, E, is proportional to x. We can use F = gE, to express the force acting on
the particle and apply Newton’s 2" law to show that, for small displacements
from equilibrium, the particle will execute simple harmonic motion. Finally, we
can find the angular frequency of the motion from the differential equation and
use this expression to find the frequency of the motion when the radius of the ring
is doubled and all other parameters remain unchanged.

(a) Express the electric field on the E - kQx
axis of the ring of charge: ) (x2 +a’ )3/ ?
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Factor a” from the denominator of E,
to obtain:

Express the force acting on the
particle as a function of its charge
and the electric field:

Because the negatively charged
particle experiences a linear
restoring force, we know that its
motion will be simple harmonic.
Apply Newton’s 2™ law to the
negatively charged particle to
obtain:

The angular frequency of the simple
harmonic motion of the particle is
given by:

Solving for m yields:

- 5 \32 5 X
3 X a
a 1+72
a

provided x << a.

F.=qFE, :kq—SQx
a

d’x ki
m—y=- q3Q
dt a

or
d*x  kqQ
2 + 3
dt~ ma
the differential equation of simple
harmonic motion.

w:1/&% (1)
ma

_ kqQ

X

x=0

__ kqQ
0)2613 472_2f2a3

Substitute numerical values and evaluate m:

9 N'I‘l’l2

[8.988 x10

= ]\(}—5.00 1)) (5.00 4C)

m =

(b) Express the angular frequency of
the motion if the radius of the ring is
doubled:

47733457 (8.00 cm)’

= 0.997 kg

o= |— 1% 2)

2181
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Divide equation (2) by equation

(1) to obtain:

Solve for /' to obtain:

82 e Ifthe radius of the ring in Problem 80 is doubled while keeping the
linear charge density on the ring the same, does the frequency of oscillation of the

kqQ
_2;;7":\/ m2a) 1
27f g0 8

k
\ ma

@'
w

_f 334Hz

1.18Hz

"B %

particle change? If so, by what factor does it change?

Picture the Problem Starting with the equation for the electric field on the axis
of a ring charge, we can factor the denominator of the expression to show that, for
x << a, E, is proportional to x. We can use F = gE, to express the force acting on
the particle and apply Newton’s 2" law to show that, for small displacements
from equilibrium, the particle will execute simple harmonic motion. Finally, we
can find the angular frequency of the motion from the differential equation and
use this expression to find its value when the radius of the ring is doubled while

keeping the linear charge density on the ring constant.

Express the electric field on the

axis of the ring of charge:

Factor a* from the denominator

of £, to obtain:

Express the force acting on the
particle as a function of its charge

and the electric field:

kQx
E =
i (x2 + az)/
E - kQx -
{az (1 + xzﬂ
a
kQOx kQ

provided x << a.

F.=qE, = k0

3
a
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Because the negatively charged d’x kqQ

particle experiences a linear m dt? - a’ o

restoring force, we know that its or

motion will be simple harmonic. d’x  kqO

Apply Newton’s 2™ law to the i + ma 0,

nzga'tively charged particle to the differential equation of simple
obtain:

harmonic motion.

The angular frequency of the simple _ |kqO {
harmonic motion of the particle is = ma’ M
given by:

Express the angular frequency of , kq(20 )
the motion if the radius of the = m(2a)’ @

ring is doubled while keeping the
linear charge density constant
(that is, doubling Q):

Divide equation (2) by equation kq(ZQ)
(1) to obtain: o 2" \mRa) 1
o 24 [ko 2
ma*

Yes. The frequency changes by a factor of 0.5.

83 eee A uniformly charged non-conducting solid sphere of radius R has its
center at the origin and has volume charge density of p. (a) Show that at a point

within the sphere a distance » from the center £ = P, (b) Material is removed

€
from the sphere leaving a spherical cavity of radius b = R/2 with its center at x = b
on the x axis (Figure 22-46). Calculate the electric field at points 1 and 2 shown in
Figure 22-46. Hint: Model the sphere-with-cavity as two uniform spheres of equal
positive and negative charge densities.

Picture the Problem In Part (@), you can apply Gauss’s law to express E as a
function of » for the uniformly charged nonconducting sphere with its center at
the origin. In Part (), you can use the hint to express the field at a generic point
P(x,y) in the cavity as the sum of the fields due to equal positive and negative
charge densities and then evaluate this expression at points 1 and 2.
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(a) The electric field at a distance r
from the center of the uniformly
charged nonconducting sphere is
given by:

Apply Gauss’s law to a spherical
surface of radius 7 centered at the
origin to obtain:

Relate Q. .. to the charge density o

nside

Substitute for O,

nside :
Solve for £, to obtain:

Substitute for £ in equation (1) to
obtain:

(b) The electric field at point P(x,)
is the sum of the electric fields due to
the two charge distributions:

Apply Gauss’s law to a spherical
surface of radius 7’ centered at
x = b= R/2 to obtain:

Relate O

. siqe 1O the charge density

Substitute for Q. .. to obtain:

nside
Solving for E_, yields:

Substitute for £, and E_, in equation
(2) to obtain:

E, =Er (1)
where 7 is a unit vector pointing
radially outward.

§ E,da=E,(47r*)= Oinsice

€y

_ Qinside _ 4 3
P = 4 3 = inside_3p7[r
<

3

E (4717/2)=4'0—7ZT3

r 3e&,

pr
E =
7 3¢,
— p A
E =|——rr
r e,

- — 7 - — ~ ~r
E=E +E =Er+E ' (2)
where 7' is a unit vector normal to a

spherical Gaussian surface whose
center is at x = b.

§ Eydd = £ (4m)= Qosse

€
—pP= 4Qinsic'1§ = Qinside = _gpﬂ?”}
3727"
13
E (4zr?)=-221"P
3e&,
P
E =- r
7 3¢,
E=FL ;- P 3)
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A
.

The vectors 7 =77 and 7' = 't are F=xi+yjand 7' = (x—b)i +yj

given by: where x and y are the coordinates of

any point in the cavity.

Substitute for »#and r'F’ in equation (3) and simplify to obtain:

E= 232 [l o] 2

0 €o €o

Because E is independent of x and y: E-F pb ;
1= 2

3e,

84 eee  Show that the electric field throughout the cavity of Problem 835 is

uniform and is given by E= 3i bi .

Picture the Problem The electric field in the cavity is the sum of the electric
field due to the uniform and positive charge distribution of the sphere whose
radius is a and the electric field due to any charge in the spherical cavity whose
radius is b. You can use the hint given in Problem 83 to express the field at a
generic point P(x,y) in the cavity as the sum of the fields due to equal positive and
P_bi .

€o

negative charge densities to show that E =

The electric field at point P(x,y) is E=E +E_=EF+E i (1)
the sum of the electric fields due to g r g g

the two charge distributions: where #'1is a unit vector normal to a

spherical Gaussian surface whose
center is at x = b.

Apply Gauss’s law to a spherical B 2) . Oinside
surface of radius 7' centered at § s EdA=E, (47ZT )_ &,
x = b= R/2 to obtain:

Relate Q, . to the charge density Oinside 3
‘ —pP= 4 d,3 = Qinside = —%pﬂ'l"
P 3T
Substitute for Q, . to obtain: 4"
O E l4zr?)=-"21P

3 e,

Solving for E_, yields:
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From Problem 83:

Substitute for £, and £_, in equation
(1) to obtain:

The vectors ¥ = rr and
¥' = r'f' are given by:

E="L L 5 )
3¢, 3¢,
F=xf+y}' and F’=(x—b)f+y}'

where x and y are the coordinates of
any point in the cavity.

Substitute for »#and r'F' in equation (2) and simplify to obtain:

85

P
3¢,

bi

The cavity in Problem 835 is now filled with a uniformly charged non-

conducting material with a total charge of Q. Calculate the new values of the
electric field at points 1 and 2 shown in Figure 22-46.

Picture the Problem The electric field

at a generic point P(x,y) in the cavity is

the sum of the fields due to the positive charge density and the total charge Q.

The electric field at point P(x,y) is
the sum of the electric fields due to
the two charge distributions:

From Problem 83:

Substituting in equation (1) yields:

Assuming that the cavity is filled
with positive charge Q:

The vectors ¥ = rr and
F' =r'r' are given by:

E=E,+E ,+E, (1)
where r'is a unit vector normal to a

spherical Gaussian surface whose
center is at x = b.

E,+BE, -2
I P 360
E=Pi.E,
3¢,
E=pbf 0 7
e, 4dmeyb

F=xi+y and 7' = (x—b)i +j
where x and y are the coordinates of

any point in the cavity.
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Substitute for »#and r'#" and simplify to obtain:

E=P iy 2 [x-b)i+y]

3¢, 4me, b’

Atpoint 1, x=2b and y =0:

E(b0)=20 i 2 op-p)]- [pb 2 ji

3e, 4me,b’ 3e, 4me, b’

Atpoint 2, x =0 and y =0:

F00)- L is 2 [(—b)f]:(pb 0 ]l

3e, 4re,b’ 360_472'60 b’

86 e A small Gaussian surface in the shape of a cube has faces parallel to
the xy, xz, and yz planes (Figure 22-47) and is in a region in which the electric
field is parallel to the x axis. (a) Using the differential approximation, show that
the net electric flux of the electric field out of the Gaussian surface is given by

OE
P~ 5 AV, where AV is the volume enclosed by the Gaussian surface.
X
. , oE. p .
(b) Using Gauss’s law and the results of Part (a) show that a—" =-—, where pis
X €

0
the volume charge density inside the cube. (This equation is the one-dimensional
version of the point form of Gauss’s law.)

Picture the Problem Let the coordinates of one corner of the cube be (x,y,z), and
assume that the sides of the cube are Ax, Ay, and Az and compute the flux through
the faces of the cube that are parallel to the yz plane. The net flux of the electric
field out of the gaussian surface is the difference between the flux out of the
surface and the flux into the surface.

(@) The net flux out of the cube is é... = dlx + Ax)—g(x)
given by:

Use a Taylor series expansion to express the net flux through faces of the
cube that are parallel to the yz plane:

Il
—
£
<
—~

=
~—
+
=
E
~—
<
—~
=
~—
+

Br = P(x)+ (Ax) ¢ (x) + 4 (Ax) ¢ (x) +...— #(x)

Neglecting terms higher than first P = Ax¢’(x)
order we have:
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Because the electric field is in the #(x)= E AyAz
x direction, ¢ (x) is: and
() OF,
#(x)=—>AyAz
ox
Substitute for ¢'(x) to obtain: OF OFE
- o = Ax 2 (AAz)= 5 (Axtyae)
ox ox
_ OF AV
ox
(b) From Gauss’s law, the net flux Qe P
through any surface is: Prer = =AY
: € o
From Part (a): 4 = OF AV
ox
Equate these two expressions and OE ) OE P
T . —AV =—AV =>—=| —
simplify to obtain: o e, A e,

87 eee [SSM] Consider a simple but surprisingly accurate model for the
hydrogen molecule: two positive point charges, each having charge +e, are placed
inside a uniformly charged sphere of radius R, which has a charge equal to —2e.
The two point charges are placed symmetrically, equidistant from the center of
the sphere (Figure 22-48). Find the distance from the center, a, where the net
force on either point charge is zero.

Picture the Problem We can find the distance from the center where the net
force on either charge is zero by setting the sum of the forces acting on either
point charge equal to zero. Each point charge experiences two forces; one a
Coulomb force of repulsion due to the other point charge, and the second due to
that fraction of the sphere’s charge that is between the point charge and the center
of the sphere that creates an electric field at the location of the point charge.

Apply D" F =0 to either of the Fooioms — Frag =0 (1)

point charges:

Express the Coulomb force on the ke* ke’
proton: FCoulomb = W = 4a2

The force exerted by the field £ is: F.

1

aa =€E
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Apply Gauss’s law to a spherical
surface of radius a centered at the
origin:

Relate the charge density of the
electron sphere to Q

enclosed *

Substitute for Q

enclosed *

Solve for E to obtain:

Substitute for F ., and Fg , in
equation (1):

88
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E(4ra?)= Lemtones
€o
2€ — Qenclosed _ 266{3
%ER3 B %m3 = Qenclosed —?
3
E(47za2): 2ea :
& R
-« =F = ez—a
272' EO R3 field 272_ EO R3
k€2 eza
2 T = 0
4a” 2mey R
or
ke*  2ke* 7
iz— €3a =O:>a:i/:R: 1R
4a R 3

An electric dipole that has a dipole moment of p is located at a

perpendicular distance R from an infinitely long line charge that has a uniform
linear charge density A. Assume that the dipole moment is in the same direction as
the field of the line of charge. Determine an expression for the electric force on

the dipole.

Picture the Problem We can find the field due to the infinitely long line charge
from E =2kA/r and the force that acts on the dipole using F = pdE/dr .

Express the force acting on the
dipole:

The electric field at the location of
the dipole is given by:

Substitute for £ in equation (1) to
obtain:

dE
F=p— 1
r (1)
o2k
r

F

r r

Ay [ 2
pdr 2

where the minus sign indicates that the
dipole is attracted to the line charge.
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	Determine the Concept No, this is not necessarily true. The only conclusion that we can draw is that there is equal positive and negative flux. For example, the net flux through a Gaussian surface completely enclosing a dipole is zero. If the electric flux is zero through the closed surface, we can conclude that the net charge inside the surface is zero.
	 

	 
	 
	 


	Picture the Problem Starting with the equation for the electric field on the axis of a ring charge, we can factor the denominator of the expression to show that, for x << a, Ex is proportional to x. We can use Fx = qEx to express the force acting on the particle and apply Newton’s 2nd law to show that, for small displacements from equilibrium, the particle will execute simple harmonic motion. Finally, we can find the angular frequency of the motion from the differential equation and use this expression to find the frequency of the motion when the radius of the ring is doubled and all other parameters remain unchanged.
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