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Topic 18:

The Central Limit Theorem
Overview
In previous activities you have conducted simulations to discover that while the value of a sample proportion or a sample mean varies from sample to sample, there is a very precise long-term pattern to that variation.  The Central Limit Theorem specifies that for large sample sizes this pattern follows a normal distribution. In this topic you will examine implications and applications of this theorem in detail, focusing on how it lays the foundation for widely used techniques of statistical inference.

Objectives
· To understand the Central Limit Theorem (CLT) as describing the (approximate) sampling distribution of a sample proportion and of a sample mean.

· To recognize the connection between CLT calculations and the simulations that you performed and analyzed in earlier topics.

· To become proficient with using the normal approximation to calculate probabilities of sample statistics falling in given intervals.

· To discover and appreciate the effect of the sample size on the sampling distribution and on relevant probabilities.

· To gain some insight and experience concerning the use of the CLT for drawing inferences about a population parameter based on a sample statistic.

	In the past two topics you have discovered that sample statistics (such as proportions and means) vary from sample to sample according to a predictable long-run pattern.  In many situations, this pattern follows a normal distribution centered at the population parameter. Thus, you can use your knowledge of normal distributions to calculate the probability that a sample statistic will fall within whatever values you might be interested in.

The Central Limit Theorems for a sample proportion and for a sample mean state conditions under which a sample statistic follows a normal distribution very closely.  Essentially these two theorems state the same concept and either version will be referred to as the Central Limit Theorem or CLT. (You many wish to go back and review the CLT for sample proportions and sample means if you can’t recall what each of them states.)


Activity 18-1: Smoking Rates
The Center for Disease Control and Prevention reported that 22.9% of American adults smoked regularly in 1998.  Treat this as the parameter value for the population of American adults.

a) What symbol would represent this proportion of 0.229?

b) Suppose that you take a random sample of 100 American adults.  Will the sample proportion of smokers equal exactly 0.229?  Explain.

c) What doe the CLT say about how this sample proportion of smokers would vary from sample to sample? [Be sure to comment on shape, center and spread of this sampling distribution.]

d) Sketch the sampling distribution and shade the area corresponding to a sample proportion exceeding 0.25.  Based on this area, make a guess for the probability that the sample proportion of smokers would exceed 0.25.

e) Using the CLT, find the z-score corresponding to the sample proportion of smokers equal to 0.25.

mean of sampling distribution =             
standard deviation of sampling distribution =              
z-score for 
[image: image1.wmf]µ

p

= 0.25           = 

 
f) Use this z-score and your calculator to calculate the probability that the 

sample proportion of smokers would exceed 0.25. The TI-83 command is normalcdf(lower bound, upper bound, 
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).  Is this value reasonably close to your prediction in (d)?

g) Suppose that you take a random sample of 400 American adults.  How would you expect the probability of the sample proportion of smokers exceeding 0.25 to change from when the sample size was 100?  Explain your reasoning, including a well labeled sketch of the sampling distribution when n = 400.

h) Calculate the probability that the sample proportion of 400 smokers would exceed 0.25.  Was your conjecture from (g) correct?

i) Repeat part (h) for a sample size of n = 1600.

	As long as the population is large relative to the size of the sample, the actual size of the population does not affect CLT calculations.  However, the size of the sample does have a large impact on CLT calculations.


Activity 18-2: More Smoking Rates
The Center for Disease Control and Prevention further reported that 14.2% of Utah residents smoked regularly in 1998.  Treat these as the parameter values for Utah.

a) Suppose that you take a random sample of 100 residents from Utah and find the proportion of smokers in the sample.  Use the CLT to sketch the sampling distribution of the sample proportion.

b) Calculate the probability that this sample proportion would exceed 0.25.

c) Would the probability in (b) increase, decrease, or stay the same if the sample size were larger?  Explain.

d) If a random sample of 100 residents from an unknown state reveals 25 smokers, would you have strong reason to doubt that the state was Utah?  Explain your reasoning.

	A statistically significant result is one that is unlikely to occur by random variation alone.  You have used simulations to investigate this issue, and the Central Limit Theorem enables you to perform probability calculations to assess this “unlikeliness.”


Activity 18-6: Sampling Reese’s Pieces
Consider taking a simple random sample of size n = 75 fro the population of Reese’s Pieces.  Continue to assume that 45% of this population is orange, p = 0.45.

a) According to the Central Limit Theorem, how would the sample proportion of orange candies vary from sample to sample? Describe the shape, mean and standard deviation of this sampling distribution.

b) Sketch this sampling distribution and shade the area under this curve corresponding to the probability that a sample proportion of orange candies will be less than 0.4.  Judging from this area, guess the value of the probability.

c) Use your calculator to calculate the probability that a sample proportion of orange candies will be less than 0.4.

d) Use your calculator to find the probability that a sample proportion of orange candies will fall between 0.35 and 0.55, that is to say within 0.10 of 0.45.

Activity 18-3: Candy Bar Weights
A certain candy bar is advertised to weigh 2.13 ounces. However, the machine that produces these candy bars is set to produce candy bars with weights that are normally distributed with mean 
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 = 2.20 ounces and standard deviation 
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 = 0.04 ounces.

a) What is the probability that an individual candy bar will weight between 2.18 and 2.22 ounces?

b) Suppose that you plan to take a sample of five candy bars and calculate the sample mean weight.  What does the CLT say about how these sample means would vary from sample to sample?  Draw a sketch of the sampling distribution.

c) Shade in the region on your sketch corresponding to the probability that the sample mean weight of these five candy bars will fall between 2.18 and 2.22 ounces.  Use your calculator to calculate the probability that the sample mean weight of these five candy bars will fall between 2.18 and 2.22 ounces.  

d) How would you expect this probability to change if the sample size were 40 instead of 5?  Explain your reasoning.

e) Now, actually calculate the probability for a sample size of n = 40.  Was your reasoning in (d) correct?

f) Which of the above calculations (a, c or e) would remain approximately correct even if the candy bar weights themselves had a skewed, nonnormal distribution?

Activity 18-4: More Candy Bar Weights
a) Continuing the previous activity, calculate the probability that a sample of size 60 candy bars would result in a mean weight between 2.19 and 2.21 ounces.  That is to say within +0.01 of the population mean 
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 = 2.20 ounces.  Accompany your calculation with a well labeled sketch.

b) Now suppose that the population mean weight is actually 
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 = 2.30.  Calculate the probability that a sample size of 60 candy bars would result in a mean weight within +0.01 of the population mean 
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 = 2.30 ounces.  That is to say between 2.29 and 2.31 ounces.  Accompany our calculation with a well labeled sketch.

c) How do your answers in parts (a) and (b) compare?

d) Now suppose that the population mean weight was actually 
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 = 2.15.  Without doing the calculation, what do you expect to be the probability that a sample of  n = 60 candy bars would result in a mean weight within +0.01 of this population mean?  Explain.

	Here is an important fact to understand.  Even when you do not know the value of a population parameter, you can be confident that the sample statistic will fall within a certain distance of that unknown parameter value.  The Central Limit Theorem allows us to determine probabilities that a sample statistic will fall within a certain distance of the population parameter.


Activity 18-5: Solitaire

In a previous activity from Topic 14, (that you did not do) we simulated playing Solitaire.  In one case we considered the probability of a win to be p = 1/9.  Suppose we play n = 10 games.

a)  Use the Central Limit Theorem to approximate the probability that you win in 10% or fewer of those 10 games.  [Big Hint: Find the mean and standard deviation of the sampling distribution.  Then use z-scores and the normal probability table or the normalcdf( command on your calculator to find the probability.]

As we discussed in the related activity from Topic 14, the outcome for each game (win or loss) are independent of each other.  Here is the exact binomial probability for each outcome of number of games won:

	# of wins
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	Proportion of wins
	0
	0.1
	0.2
	0.3
	0.4
	0.5
	0.6
	0.7
	0.8
	0.9
	1.0

	Probability
	0.3079
	0.3849
	0.216
	0.072
	0.015
	0.002
	0.000
	0.000
	0.000
	0.000
	0.000


(The last four probabilities listed are not exactly zero but are less than 0.0001.)

b)  Based on these binomial probabilities, what is the exact probability of winning 10% or fewer of the ten games?

c)  Are the probabilities in (a) and (b) close?

d)  Explain why the CLT provides such a poor approximation for the exact probability in this situation.  [Hint:  Are the technical conditions of np > 10 and n(1-p) > 10 met?]

	Always remember to check the technical conditions on which the validity of the Central Limit Theorem rests.  If they are not satisfied, calculations from the CLT can be erroneous and misleading.  For sample proportions, the rule of thumb is that np > 10 and n(1-p) > 10.  For sample means, the result holds exactly when the population itself is normally distributed, and it holds approximately for large sample sizes, n > 30 as a rule of thumb.


Activity 18-15: Solitaire

Remember Activity 18-5 on Solitaire.  In that activity you found that the Central Limit Theorem did not provide an accurate approximation for the probabilities of the proportion of wins in n = 10 games.

a) According to the Central Limit Theorem rule of thumb for a sampling distribution of proportions, how many games would need to be played before the CLT would make reasonably accurate approximations?  Explain.

b) If the probability of winning solitaire was 1/6, about how many games would need to be played in order for the CLT to make reasonable accurate approximations?  Explain.

c) For a basketball player who makes 80% of her foul shots, about how many shots would she have to take in order for the CLT to make reasonably accurate approximations?  Explain.

WRAP – UP
This topic has given you practice using the result of the Central Limit Theorem to calculate probabilities that a sample statistic will fall in a certain interval (assuming that the population parameter is known).  It has also tried to reinforce the fundamental idea that sampling distributions have less variability with larger sample sizes.

In practice, of course, one wishes to go in the other direction: to make inferences about a population parameter based upon the observed value of a sample statistic.  Even though these two approaches seem to pull in opposite directions, the Central Limit Theorem actually provides the justification for much of statistical inference.

This topic has also explored ideas related to statistical confidence and statistical significance.  These are the two most important concepts in statistical inference; understanding them is crucial to being able to produce and to interpret statistical reasoning.

Extra Practice for Topic18




Activity 18-10: Smoking Rates
The proportion of smokers among adult residents of Kentucky in 1998 was 0.308.  Treat this as the population proportion, and suppose that you take a random sample of 400 Kentucky residents.

a) Draw a sketch of the sampling distribution of the sample proportion of smokers.  Show the locations for 1 and 2 standard deviations from the mean.

b) Determine the probability of obtaining a sample proportion of Kentucky smokers more than 0.025 away from the population proportion p = 0.308.  (ie. Those greater than 0.333 or less than 0.283.)  Show calculations done and/or commands entered on your calculator.

c) Repeat (b) with a distance of 0.05 instead of 0.025.  Show calculations done and/or commands entered on your calculator.

d) If you are presented with a random sample of 400 residents from an unknown state, and you find that 25% of the sample are smokers, would you have reason to believe that the state is not Kentucky?  Explain.

e) Repeat (d) if you find that 30% of the sample are smokers.

Activity 18-11: Christmas Shopping (continued)

Consider the population of American households that purchase Christmas presents, and consider the variable “amount expected to be spent on Christmas presents as reported in late November.”  Suppose that this population has a mean 
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=$850 and standard deviation 
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=$250.

a) If a random sample of 5 households is selected, is it valid to use the Central Limit Theorem to describe the sampling distribution of the sample mean?  Explain.

b) If a random sample of 500 households is selected, what would the Central Limit Theorem say about the sampling distribution of the sample mean?  Draw and label a sketch of the sampling distribution.  Show the locations for 1 and 2 standard deviations from the mean.

c) With a random sample of 500 households, determine the probability that the sample mean would fall within + $18.39 of the population mean $850 (ie. between $831.61 and $868.39).  Show calculations done and/or commands entered on your calculator.

d) Repeat (c) for the probability that the sample mean would fall within +$21.91 of $850.  Show calculations done and/or commands entered on your calculator.

e) Repeat (c) for the probability that the sample mean would fall within +$28.80 of $850.  Show calculations done and/or commands entered on your calculator.

f) Try to find a value k such that there would be a 0.8 probability of the sample mean falling within +k of $850.  Draw and shade a sketch of the sampling distribution for this situation.

g) If the population mean were actually 
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= $1000, what would be the probability that a random sample of 500 households would produce a sample mean within +18.39 of $1000?  Does this probability look familiar?  Explain.

Activity 18-12:  Presidential Votes

Recall that 49% of the voters in the 1996 Presidential election voted for Bill Clinton.  Suppose that you take a simple random sample of 500 voters from this population.  

a) Is 0.49 a parameter or a statistic?

b) Determine the probability that the sample proportion of Clinton voters turns out to be less than 0.45.  Show calculations done and/or commands entered on your calculator.

c) Determine the probability that the sample proportion of Clinton voters exceeds 0.50.  Show calculations done and/or commands entered on your calculator.

d) Determine the probability that the sample proportion of Clinton voters falls between 0.46 and 0.52.  Show calculations done and/or commands entered on your calculator.

e) Determine the probability that the sample proportion of Clinton voters falls between 0.43 and 0.55.  Show calculations done and/or commands entered on your calculator.

f) Determine the probability that the sample proportion of Clinton voters falls between 0.49 and 0.89.  Show calculations done and/or commands entered on your calculator.
g) Without doing the actual calculations, indicate how your answers to (b)-(f) would change (get smaller, get larger or stay the same) if the sample size were 1500 instead of 500.
_1106075179.unknown

_1106075994.unknown

_1162722796.unknown

_1162723241.unknown

_1162722763.unknown

_1106075940.unknown

_1106070174.unknown

_1106075154.unknown

_1106069853.unknown

