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Topic 14:

Probability
OVERVIEW

You have been studying methods for analyzing data, from displaying them graphically to describing them verbally and numerically.  Now we turn our attention to drawing inferences about the population based on a sample.  As you learned earlier, this inference process is feasible only if you have randomly selected the sample from the population.  At first glance it might seem that introducing randomness into the process would make it more difficult to draw reliable conclusions. Instead, you will find that randomness produces patterns that allow us to quantify how close the sample will come to the population result.  This topic introduces you to the idea of probability and asks you to explore some of its properties.

OBJECTIVES

· To develop an intuitive sense for the notion of probability as a long-term property of repeatable phenomena.

· To understand the use of simulation for acquiring empirical estimates of probabilities.

· To acquire a sense for whether an outcome of random process is rare, unlikely, or not uncommon.

· To understand the idea of equally likely events and to develop a sense for when that assumption is and is not warranted.

· To continue to investigate the role that sample size plays in random phenomena.

· To be able to conduct simulation studies through physical devices, tables of random digits, and your calculator.
Activity 14-1: Random Babies

Suppose that on one night at a certain hospital, four mothers (named Johnson, Miller, Smith, and Williams) gave birth to baby boys.  As a very sick joke, the hospital staff decides to return babies to their mothers completely at random.

We want to investigate questions such as, How often will at least one mother get the right baby?  How often will every mother get the right baby?  What is the most likely outcome?  On average, how many mothers will get the right baby?

Since it is clearly not feasible to actually carry out this exercise over and over to investigate what would happen in the long run, we will use simulation instead.  Simulation is an artificial representation of a random process used to study its long-term properties.
(a) Run a simulation to show how the babies would be returned to their mothers.   Complete 25 trials of this simulation and record your answers in the table below.
	Trial #
	Correct Order
	Number of correct Matches (0-4)

	
	1
	2
	3
	4
	

	
	Simulation Order
	

	1
	
	
	
	
	

	2
	
	
	
	
	

	3
	
	
	
	
	

	4
	
	
	
	
	

	5
	
	
	
	
	

	6
	
	
	
	
	

	7
	
	
	
	
	

	8
	
	
	
	
	

	9
	
	
	
	
	

	10
	
	
	
	
	

	11
	
	
	
	
	

	12
	
	
	
	
	

	13
	
	
	
	
	

	14
	
	
	
	
	

	15
	
	
	
	
	

	16
	
	
	
	
	

	17
	
	
	
	
	

	18
	
	
	
	
	

	19
	
	
	
	
	

	20
	
	
	
	
	

	       21
	
	
	
	
	

	22
	
	
	
	
	

	23
	
	
	
	
	

	24
	
	
	
	
	

	25
	
	
	
	
	


	The probability of a random event is the long-run proportion (or relative frequency) of times the event would occur if the random process were repeated over and over under identical conditions.  One can approximate a probability by simulating the process a large number of times.  Simulation leads to empirical estimate of the probability.


(b) Now combine your results on number of matches, obtaining a tally of how often each outcome occurred.  Record the counts and proportions in the table below:

	# of matches
	0
	1
	2
	3
	4
	Total

	Count
	
	
	
	
	
	

	Proportion
	
	
	
	
	
	1.00


(c) In what proportion of these simulated cases did at least one mother get the correct baby?

(d) Based on the simulation results, what is your empirical estimate of the probability of no matches?

(e) Based on the simulation results, what is your empirical estimate of the probability of at least one match?

(f) Explain why an outcome of exactly three matches is impossible.

(g) Is it impossible to get four matches?  Would you call it rare? Unlikely?

(h) Would you consider a result of 0 matches, or of 1 match, or of 2 matches, to be unlikely?

Activity 14-2: Random Babies (cont.) 

	In situations where the outcomes of a random process are equally likely, exact probabilities can be calculated by listing all of the possible outcomes and counting the proportion that correspond to the event of interest.  The listing of all possible outcomes is called the sample space.


The sample space for the “random babies” consists of all possible ways to distribute the four babies to the four mothers.  Let 1234 mean that the first baby went to the first mother, the second baby to the second mother, the third baby to the third mother, and the fourth baby to the fourth mother.  In this scenario all four mothers get the correct baby.  As another example, 1243 would mean that the first two mothers got the right baby, but the third and fourth mothers had their babies switched.  All of the possibilities are listed here:

	1234
	1243
	1324
	1342
	1423
	1432

	2134
	2143
	2314
	2341
	2413
	2431

	3124
	3142
	3214
	3241
	3412
	3421

	4123
	4132
	4213
	4231
	4312
	4321


(a) How many different arrangements are there for returning the four babies to their mothers?

(b) For each of these arrangements, indicate how many mothers get the correct baby.

	1234: 4 matches 
	1243: 2 matches 
	1324
	1342
	1423
	1432

	2134
	2143
	2314
	2341
	2413
	2431

	3124
	3142
	3214
	3241
	3412
	3421

	4123
	4132
	4213
	4231
	4312
	4321


(c) In how many arrangements is the number of “matches” equal to exactly:

	4:
	3:
	2:
	1:
	0:


(d) Calculate the (exact) probabilities by dividing your answers to (c) by your answer to (a).  Comment on how closely the exact probabilities correspond to the empirical estimates from the simulation recorded in (b) in Activity 14-1.

	4:
	3:
	2:
	1:
	0:


	An empirical estimate from a simulation generally gets closer to the actual probability as the number of repetitions increases.


Below you will find histograms of the number of matches resulting from simulating this process 100 times, 1000 times, and 10,000 times:
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(e) Generally speaking, which of these three simulations produces empirical estimates closest to the actual probabilities?

(f) For your simulation results summarized in (b) of Activity 14-1, calculate the average (mean) number of matches per repetition of the process by multiplying each outcome by the number of occurrences, summing the products, and then dividing by the total number of repetitions.

	The long-run average value achieved by a numerical random process is called an expected value.  To calculate this expected value from the (exact) probability distribution, multiply each outcome by its probability, and then add these up over all of the possible outcomes.


(g) Calculate the expected number of matches from the (exact) probability distribution, and compare that to the average number of matches from the simulated data.

Activity 14-3: Weighted Coins

Suppose that six coins are weighted so that the probability of landing heads is not necessarily equal to one-half.  Specifically, suppose that the probabilities of landing heads for the six coins are

	coin A: 1/4
	coin B: 1/3
	coin C: 1/2

	coin D: 3/4
	coin E: 4/5
	coin F: 99/100


Suppose that in an effort to determine which coin is which, you flip each coin five times, obtaining the following results:

	n=5
	1st coin
	2nd coin
	3rd coin
	4th coin
	5th coin
	6th coin

	1
	H
	H
	T
	H
	H
	T

	2
	H
	H
	T
	H
	H
	H

	3
	T
	H
	H
	H
	H
	T

	4
	H
	H
	T
	T
	H
	T

	5
	H
	H
	T
	H
	H
	T

	Relative frequency
	0.80
	1.00
	0.20
	0.80
	1.00
	0.20

	Coin guess (letter)
	
	
	
	
	
	


(a) Fill in the bottom row of the table with guesses for which outcomes go with which coins.  Use each of the six probabilities given above once and only once.

(b) Now suppose that you flip each coin 5, 15, and 25 more times, obtaining relative frequencies as shown in the tables below.  In each instance supply your guess for which probabilities go with which coins.

	n=10
	1st coin
	2nd coin
	3rd coin
	4th coin
	5th coin
	6th coin

	Relative frequency
	0.70
	0.90
	0.20
	0.80
	1.00
	0.20

	Coin guess
	
	
	
	
	
	

	n=25
	1st coin
	2nd coin
	3rd coin
	4th coin
	5th coin
	6th coin

	Relative frequency
	0.56
	0.88
	0.28
	0.88
	1.00
	0.20

	Coin guess
	
	
	
	
	
	

	n=50
	1st coin
	2nd coin
	3rd coin
	4th coin
	5th coin
	6th coin

	Relative frequency
	0.58
	0.92
	0.26
	0.78
	1.00
	0.32

	Coin guess
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(c) The graph below shows the relative frequencies for the six coins changing as they are flipped more and more often.  Comment on what this graph reveals about probability as a concept about the long-term and not the short-term behavior of random processes.
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Activity 14-5: Hospital Births  

Suppose that a region has two hospitals.  Hospital A has 10 births per day, while Hospital B has 50 births per day.  The following histograms display the results of a simulated year of births, with the variable being the number of girls born per day:


(a) In about what proportion of the 365 days did hospital A observe an equal count of girls and boys (a 5/5 split)? In about what proportion of the 365 days did hospital B have a 25/25 split of girls and boys?  Does the larger or the smaller hospital have more days with an exact 50/50 gender split?

(b) Which of the two hospitals has more days on which 60% or more of the births are girls?  

(c) Which of the two hospitals has more days on which between 41% and 59% of the births are girls?

	This activity reveals that while a larger sample size makes it less likely to get an exact 50/50 split in the observed counts, the probability of getting a sample proportion close to 1/2 increases with a larger sample.  Consequently, we are less likely to obtain a sample proportion far away from the long-term probability of 1/2.  Also note that a larger sample produces a probability distribution that is quite symmetric and mound shaped. 


Activity 14-7: Equally Likely Events   

Indicate which of the following outcomes are equally likely. 
(a) Whether a fair die lands on 1, 2, 3, 4, 5, or 6

(b) The sum of two fair dice landing on 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, or 12

(c) A tennis racquet landing with the label “up” or “down” when spun on its end

(d) Your grade in this course being A, B, C, D, or F

(e) Whether or not your waitress correctly brings you the meal you ordered in a restaurant

(f) Colors of Reese’s Pieces candies: orange, yellow, and brown

Activity 14-8: Interpreting Probabilities

Explain in your own words what is meant by the following statements. Be sure to include the long-run interpretation of probability in your answer and to relate your response to the context.

(a) There is a .3 probability of rain tomorrow.

(b) Your probability of winning at this lottery game is 1/1000.

(c) The probability that a five-card poker hand contains “four of a kind” is .00024.

Activity 14-10: Committee Assignments  

A college professor found herself assigned to a committee of six people, composed of four men and two women.  The committee had to select two officers to carry out the majority of its administrative work, and it turned out that both of the women were selected.  The professor wondered  whether this constituted evidence of subtle discrimination, so she considered how unlikely such an event would be if the two officers had been chosen at random from the six committee members. To pursue a theoretical analysis, here is a listing all possible pairs of officers that could be chosen from these six people.

	AB
	AC
	AD
	AE
	AF

	BC
	BD
	BE
	BF
	

	CD
	CE
	CF
	
	

	DE
	DF
	
	
	

	EF
	
	
	
	


(a) How many pairs are possible?  How many of them consist of two women?

(b) What is the theoretical probability of obtaining two women if one randomly chooses two people from these committee members?  Would you say that this outcome is impossible?  Rare?  Uncommon?  Likely?

(c) If the process of randomly selecting two people from these six were repeated over and over, in the long run what percentage of the time would two men be selected? 

(d) Repeat (c) for the outcome of one man and one woman.

(e) If the two officers were chosen at random, what would be the most likely gender breakdown, two men, two women, or one of each?

(f) Calculate the theoretical expected number of men among the two officers. 

WRAP-UP

This topic has initiated your study of randomness by introducing you to the concept of probability.  You have learned that probability is a long-run property of events, and you have studied probability by looking at simulations.   You have also studied probability more theoretically, through the notion of equally likely events, sample space, and expected value.

Short term behavior has a lot of variation while long term values stabilize close to theoretical probabilities.











